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FOREWORD 
This report is an interim report which 8ummarizes one 
phase of research that is being carried out at Purdue 
University in the area of communication theory under NASA 
Grant NeG-553. 
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ABSTRACT 
T h i s  research i s  concerned w i t h  t h e  e f f e c t s  of frequency 
selective f a d i n g  on b i n a r y  d i g i t a l  communication systems and 
w i t h  a method of  a l l e v i a t i n g  some of these effects. The fre- 
quency s e l e c t i v e  f ad ing  is assumed t o  be describable i n  
terms of a f i l t e r  whose transfer f u n c t i o n  i s  a sample func- 
t i o n  frcxn a complex Gaussian random process. 
d e t e c t i o n  a t  t h e  receiver i s  assumed t o  be employed. 
Although t h e  a n a l y t i c a l  m e t h o d s  used i n  t h i s  report are gen- 
eral ,  DPSK s i g n a l i n g  i s  assumed f o r  a l l  t h e  q u a n t i t a t i v e  
r e s u l t s .  
Matched f i l t e r  
I n  
system, 
a p p l i e d  
1. 
2 .  
3 .  
order t o  de termine  the p r o b a b i l i t y  of error for  t h i s  
a technique  due t o  Bello and N e l i n  i s  used. T h i s  is 
t o  t h r e e  cases: 
Square p u l s e  s i g n a l i n g  and Gaussian-funct ion-  
shaped channel  frequency c o r r e l a t i o n  f u n c t i o n .  
Square p u l s e  s i g n a l i n g  and s i n ( x ) / x  - shaped 
channel  f requency c o r r e l a t i o n  f u n c t i o n .  
Raised c o s i n e  s i g n a l i n g  and s i n ( x ) / x  - shaped 
channel  f requency c o r r e l a t i o n  f u n c t i o n .  
The r e s u l t s  of these three cases are compared and it is  
shown t h a t  s i g n i f i c a n t  d i f f e r e n c e s  i n  error p r o b a b i l i t y  
ix 
result from using the two different signals with the same 
channel while very little difference in performance results 
from using the two different channels with the same signai. 
For the three cases mentioned above, an approximate 
error probability expresaion developed by Sunde io compared 
to the exact results. 
does not provide a good estimate of the error probability 
when the frequency selective fading is of importance. 
It is shown that this approximation 
Next, same experimental results from computer simulations 
of communication rystams subject to frequency selective fad- 
ing are given. The first of these is an investigation of the 
relative effects of the amplitude and phase distortion intro- 
duced in such a system. It is shown that the phase distor- 
tion component has a deleterious effect on the system's per- 
formance while the amplitude distortion has a slight benefi- 
cial effect. These results prcvfde the motivation for the 
development of an adaptive scheme for counteracting the 
effects of frequency selective fading. This is done by meas- 
uring the residual delay and delay distortion introduced by 
the channel fading with pilot tones and then using phase cor- 
rection networks at the receiver to compensate for the meas- 
ured phase characteristic. 
can result in error rate improvement factors of twenty or 
data rate increases by a factor of two to three. It is also 
shown that the system which corrects for both delay and 
linear delay distortion provides very little improvement 
over the system which corrects for delay only. 
It is shown that this technique 
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CHAPTER I : INTRODUCTION 
1.1 Genera l  D e s c r i p t i o n  of t h e  Problem 
Communication c h a n n e l s  which e x h i b i t  s e v e r e  f a d i n g  
e f f e c t s  have been i n  use  for several y e a r s .  Impor tan t  exam- 
p l e s  of  these are t h e  widely-used h-f c h a n n e l s  and t ropo-  
s p h e r i c  scat ter  c h a n n e l s  (1). Severe  f a d i n g  e f f e c t s  have 
a l s o  been e x p e r i m e n t a l l y  observed  on an  o r b i t a l  d i p o l e  
channe l  ( 2 )  and a l u n a r  r e f l e c t i o n  channe l  ( 3 ) .  There  i s  
a l so  some ev idence  t h a t  fad ing  due t o  m u l t i p a t h  p ropaga t ion  
through t h e  atmosphere may e x i s t  i n  c e r t a i n  e a r t h - s p a c e  com- 
munica t ion  channe l s  ( 4 ) .  K i t h  i n c r e a s i n g  .use of  t e l e m e t r y ,  
d i g i t a l  t r a n s m i s s i m  of vo ice  Signals, a n d  long-d i s t ance  
t r a n s m i s s i o n  of computer data,  it is a p p a r e n t  t h a t  d i g i t a l  
conununication over such  l i n k s  w i l l  become more p r e v a l e n t .  
Fur thermore ,  w i t h  t h e  i n c r e a s i n g  d i g i t a l  d a t a  rates be ing  
used i n  modern t e l e m e t r y ,  computer, and t e l ephone  t r ansmis -  
s i o n  equipment,  i t  i s  expec ted  t h a t  a t t e m p t s  a t  v e r y  h i g h  
d a t a  ra te  t r a n s m i s s i o n  through such  c h a n n e l s  w i l l  be made. 
With t h e  adven t  of such  wideband t r a n s m i s s i o n ,  t h e  f requency  
s e l e c t i v e  b e h a v i o r  of  t h e  above-mentioned channe l s  w i l l  p l a y  
a g r e a t  role i n  de t e rmin ing  t h e  d e s i g n  and performance of t h e  
sys tems t o  be used. I t  i s  t h e r e f o r e  becoming i n c r e a s i n g l y  
i m p o r t a n t  t o  unde r s t and  t h e  b a s i c  e f f e c t s  t h a t  
2 
frequency selective fading has on digital transmission 
schemes and to determine methods of minimizing these effects, 
Frequency selective fading can be defined as the phenom- 
enon which occurs in fading channels when deep fades can be 
observed at some frequencies of transmission while relatively 
little fading is occurringat other frequencies in the band. 
If signals of wide bandwidths are transmitted over such a 
channel, then since the channel transmittance at one point in 
the transmission band may differ significantly from that at 
some other point, the received signal may be effectively 
transmitted through a frequency selective filter. This will 
result i n  distortion in the shape of the received pulse. 
When such distortion occurs in a digital communication system 
employing a matched filter-sampler receiver configuration, 
then the probability of correctly classifying the received 
signal is reduced due to t w o  effects. These are: 
1. Mismatch of the received signal's shape 
relative to the shape of the signal for 
which the matched filter is designed and 
2 .  Intersymbol interference due to undesirable 
tails created in the pulse response char- 
acteristic of the system. 
These distortion effects together with the effect of fluctua- 
ting strength of the received signal (even if not distorted) 
are the two effects which determine the basic limitations on 
error rate performance of digital communication systems 
3 
employing r e c e i v e r s  of t h e  above type.  
r e s e a r c h  d i s c u s s e d  i n  t h i s  r e p o r t  is t o  
The purpose of t h e  
compare exact and 
approximate methods of  determining t h e  error ra te  perform- 
ance  of such  communication s y s t e m s  and t o  e v a l u a t e  a nove l  
method of reducing  t h e  effects of a f requency s e l e c t i v e  
channe l  on t h e s e  systems. 
1 . 2  O u t l i n e  of P rev ious  Work 
- 
Much of t h e  r e s u l t s  to date have been based on cons ide r -  
i n g  t h e  o u t p u t  of the f ad ing  channe l  t o  be a Gaussian random 
process .  T h i s  random process can be related t o  t h e  channe l  
t r a n s m i t t a n c e  which w i l l  then be, i n  g e n e r a l ,  a complex- 
va lued  f u n c t i o n  of t i m e  and frequency.  Using t h i s  represen-  
t a t i o n ,  Bello and Nel in  ( 5 )  were able  t o  de termine  error 
p r o b a b i l i t i e s  for  both i n c o h e r e n t  FSK and d i f f e r e n t i a l l y  
c o h e r e n t  PSK systems o p e r a t i n g  over such a channel .  These 
r e s u l t s  were based on t h e  known Gaussian p r o p e r t i e s  of t he  
received s i g n a l  and are v a l i d  f o r  any order of p o s t d e t e c t i o n  
d i v e r s i t y  combining i n  t h e  r e c e i v e r  system. Sunde ( 6 )  con- 
jectured t h a t  t h e  most s e r i o u s  d i s t o r t i o n  effects i n  such  
a system can be a t t r i b u t e d  to  t h e  phase d i s t o r t i o n  imposed 
on t h e  t r a n s m i t t e d  s i g n a l  by  t h e  channel .  H e  f u r t h e r  pos tu-  
la ted t h a t  f o r  narrow enough bandwidths ,  l i n e a r  d e l a y  dis tor-  
t i o n  a l o n e  cou ld  be cons idered  to cause  t h e  p u l s e  d i s t o r t i o n .  
T h i s  i s  e q u i v a l e n t  t o  approximating t h e  phase response  func- 
t i o n  by a t r u n c a t e d  T a y l o r ' s  series expansion about t h e  cen- 
ter  frequency of t h e  t r ansmiss ion  band. Thus us ing  t h e  
4 
s t a t i s t i c a l  p r o p e r t i e s  of  t h e  l i n e a r  d e l a y  d i s t o r t i o n  i n  a 
Gauss ian  f a d i n g  channe l ,  he  deve loped  a n  approx ima t ion  t o  t h e  
error p r o b a b i l i t y .  
I I ingorani  ( 7 )  has  ex tended  t h e  work of B e l l o  and N e l i n  
t o  t h e  case  of s imul t aneous  t i m e  and f r equency  s e l e c t i v e  fad-  
i n g  and an a r b i t r a r y  number of i ndependen t  d i v e r s i t y  p a t h s ,  
where  each d i v e r s i t y  branch  h a s  i d e n t i c a l  s t a t i s t i c s  and may 
c o n t a i n  a s p e c u l a r  component. I i i s  method was t o  r educe  t h e  
r e c e i v e r  u e c i s i o n  v a r i a b l e  t o  a c a n o n i c  form employed by 
S t e i n  ( 8 ) .  
S e v e r a l  ideas have been advanced i n  a n  e f f o r t  t o  t r y  t o  
r educe  the e f f e c t s  of  d i s t o r t i o n  i n  f a d i n g  c h a n n e l s .  Most 
of these are t r a n s m i t t e d  r e f e r e n c e  t e c h n i q u e s  where s e p a r a t e  
sounding s i g n a l s  a r e  t r a n s m i t t e d  a long  w i t h  t h e  data s i g n a l  
i n  o r d e r  t h a t  t h e  r e c e i v e r  may g a i n  some knowledge o f  t h e  
s t a t e  o f  the  channe l  ana  use  t h i s  t o  p r o c e s s  t h e  received 
s i g n a l  i n  a b e t t e r  manner. Walker  ( 9 )  c o n s i d e r e d  t h e  perform- 
ance  of a " f requency  d i f f e r e n t i a l "  system i n  which a s i n u s o i d  
i s  t r a n s m i t t e d  n e a r  a PSK s i g n a l i n g  channe l  and t h e n  t r a n s -  
la tea  a t  t h e  r e c e i v e r  f o r  c o r r e l a t i o n  w i t h  t h e  s i g n a l  wave- 
form. He a e r i v e d  t h e  maximum l i k e l i h o o d  receiver f o r  t h i s  
t y p e  of t r a n s m i s s i o n  and de te rmined  i t s  performance i n  t h e  
p r e s e n c e  of a f a d i n g  channe l  p l u s  n o i s e .  Hancock and  
I i ingorani  ( 1 0 )  c o n s i d e r e d  a t r a n s m i t t e d  r e f e r e n c e  communica- 
t i o n  system employing a t i m e - v a r i a n t  m u l t i p a t h  c h a n n e l  anu a 
g e n e r a l  reference-message s i g n a l  combina t ion  for which they  
d e r i v e d  t h e  "one-shot"  Bayes receiver. For Gauss ian  
5 
m u l t i p l i c a t i v e  d i s t u r b a n c e ,  w h i t e  addi t ive  Gauss ian  n o i s e ,  
and b i n a r y  PSK, t h e  error p r o b a b i l i t i e s  for t h i s  receiver 
were also derived. ,They later ex tended  t h i s  work by de termin-  
i n g  t h e  Bayes receiver for s e q u e n t i a l  t r a n s m i s s i o n  of s ig -  
n a l s  t h rough  a t ime-variant  random channe l  whose d e l a y  s p r e a d  
i s  less t h a n  one baud (11) . S p i l k e r  ( 1 2 )  i n v e s t i g a t e d  t h e  
e f f e c t  of combined t i m e  and frequency o f f s e t  between t h e  
in fo rn ia t ion  and r e f e r e n c e  s i g n a l s  f o r  t r a n s m i t t e d  r e f e r e n c e  
system communication through c e r t a i n  t i m e - v a r i a n t  channe l s  
r e p r e s e n t a b l e  as tapped  de lay  l i n e s .  
D e s c r i p t i o n s  of systems which have been e x p e r i m e n t a l l y  
shown t o  reduce  error p r o b a b i l i t y  i n  communication sys tems 
employing s e l e c t i v e  f a d i n g  channels  have also been described 
i n  t h e  l i t e r a t u r e .  Pr ice  and Green (13) described t h e  RAKE 
sys tem,  which used wideband s i g n a l s  t o  de t e rmine  t h e  p a t h  
s t r u c t u r e  of an  h-f radio channel  and which u s e s  t h i s  i n f o r -  
ma t ion  i n  a t apped  d e l a y  l i n e  recombining system a t  t h e  
r e c e i v e r .  T h i s  r e s u l t s  i n  a r e c e i v e r  which can  be i n t e r -  
p r e t e d  e i t h e r  as  a d i v e r s i t y  combining o p e r a t i o n  or as  an  
a d a p t i v e  matched f i l t e r .  H o l l i s  ( 1 4 )  described a t r a n s m i t t e r -  
r e c e i v e r  Combination which combats t h e  t i m e  s p r e a d i n g  e f f e c t s  
of f a d i n g  c h a n n e l s  by s t epp ing  the mark and s p a c e  f r e q u e n c i e s  
of an FSK l i n k ,  t h u s  reducing t h e  in t e r symbol  i n t e r f e r e n c e  
a t  t h e  r e c e i v e r ' s  detector. 
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1.3 Review of  Related Work 
The problem of t r a n s m i t t i n g  communication p u l s e s  
th rough  channe l s  w i t h  f requency  s e l e c t i v e  p r o p e r t i e s ,  b u t  
which are time i n v a r i a n t  has  r e c e i v e d  some a t t e n t i o n  i n  
r e c e n t  years. Of t en  i n  these works t h e  term "channel  w i t h  
memory" i s  used t o  describe what w e  have ca l led  "channe l  w i t h  
frequency s e l e c t i v e  p r o p e r t i e s "  above. Aein and Ilancock (15 )  
a t t a c k e d  t h i s  problem by d e r i v i n g  t h e  optimum l i n e a r  r e c e i v e r  
f i l t e r  f o r  c o r r e l a t i o n  d e t e c t i o n  of  t h e  o v e r l a p p i n g  s i g n a l s  
which a r r i v e  a t  t h e  r e c e i v e r .  They also c o n s i d e r e d  a 
decis ion directed r e c e i v e r  s t r u c t u r e  which a t t e m p t s  t o  sub- 
t rac t  out t h e  p u l s e  t a i l s  which i n t e r f e re  w i t h  t h e  p u l s e  
be ing  processed  by the detector. Schwarz lanaer  ( 1 6 )  t h e n  
i n v e s t i g a t e d  t h e  problem of d e s i g n i n g  s i g n a l s  t o  be t r a n s -  
m i t t e d  through t h e  channe l  w h i c h  would r educe  t h e  uegrading  
e f fec ts  of i n t e r symbol  i n t e r f e r e n c e  a t  t h e  r e c e i v e r .  H e  
succeeded i n  de t e rmin ing ,  from t h e  c lass  of s i g n a l s  which 
r e s u l t  i n  t i m e - l i m i t e d  p u l s e s  a t  t h e  channe l  o u t p u t  ( i . e . ,  
they c r e a t e  no - i n t e r symbol  i n t e r f e r e n c e ) ,  t h e  s i g n a l  which 
maximizes t h e  p u l s e  energy  p r e s e n t  a t  t h e  receiver i n p u t .  
T h a t  is ,  he de te rmined  t h e  p u l s e  wh ich  minimizes  p r o b a b i l i t y  
o f  error o u t  of  t h e  above-mentioned c lass  of p u l s e s .  Quincy 
( 1 7 )  t hen  i n v e s t i g a t e d  a j o i n t  o p t i m i z a t i o n  problem where in  
an  a t t e m p t  w a s  made t o  s i m u l t a n e o u s l y  o p t i m i z e  t h e  r e c e i v e r  
s t r u c t u r e  and the t r a n s m i t t e d  s i g n a l  shape.  H e  fo rmula t ed  
t h e  optimum Bayes receiver f o r  p u l s e s  w i t h  in t e r symbol  i n t e r -  
f e r e n c e ,  and us ing  a v a r i a t i o n a l  t e c h n i q u e  found t h e  s i g n a l  
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shape which, f o r  a g i v e n  al lowed amount of intersymbol i n t e r -  
ference, maximized t h e  energy  t r a n s f e r r e d  through t h e  chan- 
n e l .  I t  shou ld  be no ted  t h a t  a l l  t h e  above work is based on 
t h e  assumption t h a t  t h e  channel  f i l t e r i n g  o p e r a t i o n  i s  time 
i n v a r i a n t  and comple t e ly  known t o  t h e  system d e s i g n e r .  
The t r a n s v e r s a l  e q u a l i z e r  h a s  received much a t t e n t i o n  
r e c e n t l y  as  a p o s s i b l e  e n g i n e e r i n g  s o l u t i o n  t o  t h e  problem 
of in t e r symbol  i n t e r f e r e n c e  i n  da ta  t r a n s m i s s i o n  systems.  
Rappeport  ( 1 8 ) ,  Lucky ( 1 9 ,  20), S c h r e i v e r  e t  al. ( 2 1 1 ,  and 
Gorog ( 2 2 )  have sugges t ed  d e s i g n s  f o r  t r a n s v e r s a l  e q u a l i z e r  
sys tems which c o u l d  be a u t o m a t i c a l l y  a d j u s t e d  t o  correct f o r  
channel- induced d i s t o r t i o n .  
been developed main ly  f o r  te lephone  t r a n s m i s s i o n  c h a n n e l s ,  
b u t  have n o t  y e t  been a p p l i e d  t o  f r equency  s e l e c t i v e  f a d i n g  
radio channe l s .  
--
These a d a p t i v e  e q u a l i z e r s  have 
1 . 4  Mathematical  Assumpti,ons 
The g e n e r a l  form of  t h e  communication system which w i l l  
I n  t h i s  be c o n s i d e r e d  i n  t h i s  r e p o r t  i s  shown i n  F i g u r e  1.l 
f i g u r e ,  a v e r y  g e n e r a l  r e c e i v e r  s t r u c t u r e ,  known a s  t h e  
canon ic  receiver , is  shown. Although w e  w i l l  l a t e r  s p e c i a l i z e  
o u r  r e s u l t s  t o  t h e  d i f f e r e n t i a l l y  c o h e r e n t  phase  s h i f t  keying  
(DPSK) case, t h e  canon ic  r e c e i v e r  i s  shown h e r e  t o  i n d i c a t e  
t h e  v e r y  g e n e r a l  class of modems t h a t  c a n  be ana lyzed  by 
t e c h n i q u e s  d i s c u s s e d  i n  t h i s  r e p o r t .  For  example, t h e  DPSK 
'In t h i s  f i g u r e  and throughout  t h i s  r e p o r t ,  t h e  symbol 
II * H d e n o t e s  complex con juga te .  
8 
Message 
Source 
> 
a .  b .  x ( t )  Channel Encoder *, Transmitter , 
+ F i l t e r  -c 
- Information u ( t )  
Fi l ter  
z = a l u I 2  + b l v I 2  + 2Re{cufv)  
y ( t )  r (t) 
Figure 1 .  System to be Considered. 
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receiver i a  realized i f  t h e  in fo rma t ion  f i l t e r  is matched t o  
t h e  t r a n s m i t t e d  p u l s e ,  t h e  r e f e r e n c e  f i l t e r  i s  a similar 
matched f i l t e r  p l u s  a d e l a y  of one baud, and t h e  combiner 
g a i n s  are a - 0 ,  b - 0 ,  c = 1. The canon ic  r e c e i v e r  becomes 
a n  i n c o h e r e n t  FSK receiver i f  t h e  i n f o r m a t i o n  and r e f e r e n c e  
f i l t e r  are matched t o  t h e  two FSK s i g n a l s  and a = -b, c = 0.  
F u r t h e r  a p p l i c a t i o n s  of t h e  canonic  r e c e i v e r  model are dis- 
c u s s e d  i n  ( 8 ) .  
I n  t h e  system shown, a l l  t i m e  f u n c t i o n s  are r e p r e s e n t e d  
by t h e i r  complex envelopes .  Thus,  f o r  example, t h e  a c t u a l  
o u t p u t  of t h e  waveform g e n e r a t o r  w e  a r e  a t t e m p t i n g  t o  model 
is  R e t x ( t ) e J w O t )  w h e r e  w 
second.  The v a l u e  of w 0  i s  unimpor tan t ,  b u t  i t  i s  n e c e s s a r y  
to  assume t h a t  it i s  l a r g e r  t han  t h e  h i g h e s t  f requency  compo- 
n e n t  i n  x ( t ) .  
i s  t h e  f requency  i n  r a d i a n s  p e r  
0 
I n  t h i s  system the message s o u r c e  e m i t s  a sequence of 
h i n a r y  symbols {ak)- 
sequence  are  e m i t t e d  a t  a r a t e  of B symbols p e r  second. The 
, % = 0 ,  1. The e l emen t s  o f  t h e  
k e-o  
p r o b a b i l i t y  of occur rence  of e i t h e r  of t h e  t w o  symbols i s  
1 / 2 ,  independent  of t h e  va lue  of any o ther  symbol i n  the 
sequence.  The encoder  i s  inc luded  i n  order t h a t  d i f f e r e n -  
t i a l l y  c o h e r e n t  modems cou ld  be i n c l u d e d  i n  t h i s  model a l o n g  
w i t h  o t h e r  schemes. 
accord ing  t o  t h e  f o l l o w i n g  r u l e :  
Thus wi th  DPSK the b i t s  are formed 
- 
bk + 1 = ak @ bk , a l l  k (1-1) 
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where (B deno tes  addi t ion modulo t w o  and 
plement of a. 
i s  t h e  b i n a r y  com- 
I n  FSK t h e  encoder  would set b k y  f o r  a l l  k. 
The t r a n s m i t t e r  is  assumed t o  be r e p r e s e n t a b l e  as an 
ideal waveform g e n e r a t o r  which selects one o f  t w o  a n t i c o r -  
related waveforms, s , ( t )  or s,  (t)  , and a p p l i e s  it to t h e  
i n p u t  of t h e  channe l  f i l t e r .  The s e l e c t i o n  of  t h e  waveform 
t o  be a p p l i e d  is  determined by t h e  symbol having been emitted 
by t h e  encoder. Thus t h e  waveforms are a p p l i e d  t o  t h e  chan- 
n e l  f i l t e r  a t  a rate of B waveforms p e r  second. 
The channel  f i l t e r  is assumed t o  be a t i m e - v a r i a n t  l i n -  
ear system completely s p e c i f i e d  by an a s s o c i a t e d  t i m e - v a r i a n t  
impulse response h ( r  , t) , d e f i n e d  t o  be t h e  complex envelope  
o f  t h e  f i l t e r ' s  response  a t  t i m e  t to  an impulse f o r c i n g  func- 
t i o n  a p p l i e d  T seconds earlier.  W e  f u r t h e r  assume t h a t  h ( r , t )  
is  a s a m p l e  f u n c t i o n  from a complex-valued Gaussian random 
process .  Throughout t h i s  work i t  w i l l  be assumed t h a t  t h e  
rate of v a r i a t i o n  o f  h ( r , t )  w i t h  t ,  t h a t  is, t h e  ra te  of t i m e  
v a r i a t i o n  of t h e  channel ,  i s  much slower t h a n  t h e  s i g n a l i n g  
rate of  t h e  t r a n s m i t t e r .  Thus w e  can  r e p l a c e  t h e  t ime-variant  
impulse response h ( r , t )  by a random b u t  t i m e - i n v a r i a n t  f i l t e r  
whose impulse response  i s  h ( r ) .  F u r t h e r  d e s c r i p t i o n s  of t h e  
channel  f i l t e r  are d i s c u s s e d  i n  t h e  fo l lowing  s e c t i o n .  
A f t e r  t h e  t ransmit ted waveforms are passed through t h e  
channel  f i l t e r ,  a d d i t i v e  n o i s e  is i n t roduced .  T h i s  n o i s e  is 
assumed to  be zero-mean, w h i t e  Gaussian n o i s e  w i t h  double- 
sided s p e c t r a l  d e n s i t y  No wat t s / cps .  
be s t a t i s t i c a l l y  independent  of t h e  random effects of t h e  
I t  is  a l so  assumed to  
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c h a n n e l  f i l t e r .  We can  now v i s u a l i z e  t w o  d i s t i n c t  e f f e c t s  
o f  t h e  channel  on  t h e  canmunicat ion system. The f i r s t  
e f f e c t ,  t h e  n o i s e ,  adds a random p r o c e s s  t o  t h e  s i g n a l  caus- 
i n g  unwanted f l u c t u a t i o n s  a t  t h e  detector o u t p u t .  Second, 
t h e  channe l  f i l t e r  d i s tor t s  t h e  t r a n s m i t t e d  s i g n a l  c a u s i n g  
pulse-shape  mismatch and loss o f  s i g n a l  power, bo th  o f  which 
t e n d  to  i n c r e a s e  t h e  e r r o r  p r o b a b i l i t y .  
These t w o  independent  e f f e c t s  can  be s e e n  by examining 
a t y p i c a l  c u r v e  of  error p r o b a b i l i t y  v e r s u s  s i g n a l i n g  ra te ,  
assuming s i g n a l  energy  p e r  b i t  is  h e l d  c o n s t a n t .  Such a 
cu rve  i s  shown i n  F i g u r e  2 .  T h i s  cu rve  is  c h a r a c t e r i z e d  by a 
h o r i z o n t a l  asymptote  t o  t h e  l e f t  which is t h e  e r ror  p r o b a b i l -  
i t y  f o r  t h e  system w i t h  f l a t  Rayle igh  f a d i n g  and a d d i t i v e  
n o i s e .  On t h e  r i g h t  the e r r o r  p r o b a b i l i t y  cu rve  i s  asymp- 
t o t i c  t o  a l i n e  of i n c r e a s i n g  error p r o b a b i l i t y  a s  d a t a  r a t e  
i n c r e a s e s .  T h i s  l i n e  r e p r e s e n t s  t h e  lowest p r o b a b i l i t y  which  
can  be ach ieved  no  matter how much t h e  s i g n a l - t o - n o i s e  r a t i o  
is i n c r e a s e d .  T h i s  i r r e d u c i b l e  error p r o b a b i l i t y  is  caused  
by d i s t o r t i o n  and in te rsymbol  i n t e r f e r e n c e  e f f e c t s  which 
r e s u l t  from t h e  s e l e c t i v e  fad ing  of t h e  channe l .  Thus, s i n c e  
t h e  s e l e c t i v e  f a d i n g  phenomenon is  related to  t h e  w i d t h  of 
the data t r a n s m i s s i o n  bandwidth, t h e  i r r e d u c i b l e  error prob- 
a b i l i t y  i s  a f u n c t i o n  of the d a t a  rate. The p re sence  of t h e  
h o r i z o n t a l  asymptote  i n d i c a t e s  t h e  e f fec t  of addi t ive  n o i s e  
and t h e  va ry ing  r e c e i v e d  s i g n a l  ampl i tude .  Tha t  is ,  it 
r e p r e s e n t s  t h e  error p r o b a b i l i t y  of such  a sys tem under  t h e  
assumption of addi t ive  Gaussian n o i s e  and f l a t  Rayle igh  
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Figure 2 .  Typical  Curve of Error P r o b a b i l i t y  vs  Data Rate. 
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f a d i n g .  The f l a t  f a d i n g  error p r o b a b i l i t y ,  of c o u r s e ,  is 
independent  o f  t h e  s i g n a l i n g  ra te ,  which is t h e  r eason  t h a t  
t h e  l e f t  asymptote  i s  a c o n s t a n t .  
The c u r v e  o f  F i g u r e  2 leads t o  an  i n t e r e s t i n g  i n t e r p r e -  
t a t i o n  o f  t h e  problem o f  communication through selective fad- 
i n g  channe l s .  For  v e r y  slow data  rates,  t h e  s i g n a l i n g  band- 
w i d t h  i s  so small t h a t  t h e  frequency-dependent p r o p e r t i e s  of 
t h e  channel  f i l t e r  are unimportant  - the channe l  f i l t e r  t r a n s -  
m i t t a n c e  i s  e s s e n t i a l l y  a c o n s t a n t  across t h e  e n t i r e  s i g n a l -  
i n g  band. I n  t h i s  case, only  t h e  a d d i t i v e  n o i s e  and t h e  vary-  
ing  magnitude of t h e  channel  t r a n s m i t t a n c e  a t  t h e  carrier 
f requency  a r e  o f  impor tance .  Thus t h e  error p r o b a b i l i t y  i s  
o n l y  dependent  on the  average s i g n a l - t o - n o i s e  r a t i o  a t  t h e  
detector i n p u t .  For  l a r g e r  data  rates,  t h e  s i g n a l  bandwidth 
becomes larger ,  and t h e  f a c t  t h a t  t h e  channe l  f i l t e r  pos- 
sesses a frequency-dependent t r a n s m i t t a n c e  c a u s e s  d i s t o r t i o n  
and in t e r symbol  e f f ec t s  to become impor t an t .  As the data 
ra te  is f u r t h e r  i n c r e a s e d ,  these effects u l t i m a t e l y  predom- 
i n a t e .  The purpose  of  t h i s  r e p o r t  is t o  i n v e s t i g a t e  a 
method of r educ ing  t h e  i r r e d u c i b l e  error p r o b a b i l i t y  i n  such  
sys tems and t o  i n v e s t i g a t e  some methods of c a l c u l a t i n g  t h e  
error rate  e x p r e s s i o n s  f o r  t h e s e  systems.  
1 . 5  Channel R e p r e s e n t a t i o n  
As d i s c u s s e d  i n  t h e  p rev ious  s e c t i o n ,  w e  w i l l  assume 
t h a t  t h e  channe l  f i l t e r  i s  a l i n e a r  t i m e - v a r i a n t  system, and 
is therefore comple t e ly  s p e c i f i e d  by i t s  t ime-varying 
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1 e q u i v a l e n t  low-pass impulse r e s p o n s e  h ( r , t )  . We f u r t h e r  
assume t h a t  h ( r , t )  is  a sample f u n c t i o n  from a complex zero- 
mean Gaussian random p r o c e s s  which is wide-sense s t a t i o n a r y  
i n  t h e  v a r i a b l e  t. Thus,  t h e  s t a t i s t i ca l  c h a r a c t e r i s t i c s  o f  
t h e  channel  f i l t e r  can  be comple t e ly  s p e c i f i e d  by t h e  corre- 
l a t i o n  f u n c t i o n  P ( i , u , a )  I E [ h ( r , t ) h * ( ~ + ~ , t + a ) l .  I n  order t o  
examine t h e  f requency  domain p r o p e r t i e s  of  t h e  channe l ,  w e  
can  d e f i n e  an e q u i v a l e n t  low-pass t i m e - v a r i a n t  t r a n s f e r  func-  
t i o n  as 
J u s t i f i c a t i o n  for naming Hrf ,t) t h e  t i m e - v a r i a n t  t r a n s f e r  
f u n c t i o n  comes from t h e  f a c t  t h a t  H ( f , t )  is  s imply  t h e  com- 
p l e x  ampl i tude  of t h e  channe l  f i l t e r ' s  r e sponse  a t  t i m e  t t o  
t h e  s i n u s o i d a l  i n p u t  e 12nf t .  S i n c e  H ( f , t )  i s  d e f i n e d  as  a 
l i n e a r  t r a n s f o r m a t i o n  on a sample f u n c t i o n  from a zero-mean 
Gauss ian  random p r o c e s s ,  t h e n  i t  too is a sample f u n c t i o n  
from a zero-mean Gauss ian  random p r o c e s s .  T h e r e f o r e  i t s  s t a -  
t i s t i ca l  c h a r a c t e r i s t i c s  are comple t e ly  described by i t s  cor- 
r e l a t ion  f u n c t i o n  d e f i n e d  by 
R ( f  , f  , t) = E [ I i ( f ,  , t O ) € I *  ( f  , + f ,  to+t) 1 (1-3) 
'In all communication sys tems t h e r e  i s  some d e l a y  
between t h e  t i m e  of t r a n s m i s s i o n  t o  t h e  t i m e  of  r e c e p t i o n  of 
t h e  s i g n a l s .  I n  t h e  sys tems w e  are c o n s i d e r i n g ,  w e  may sep-  
arate t h i s  de l ay  i n t o  a c o n s t a n t  ave rage  d e l a y  and a randomly 
v a r i a n t  de l ay  whose ave rage  v a l u e  is zero. Throughout t h i s  
work, h ( r  , t) i s  assumed t o  be t h e  t r u e  impulse  r e s p o n s e  of 
t h e  p h y s i c a l  channe l  f i l t e r  w i t h  t h e  unimpor tan t  c o n s t a n t  
d e l a y  component removed. 
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W e  now assume t h a t  H ( f , t )  i s  wide-sense s t a t i o n a r y  i n  the 
var iab le  f .  Thus t h e  c o r r e l a t i o n  f u n c t i o n  R ' i s  no  l o n g e r  a 
f u n c t i o n  of f o  and can be w r i t t e n  R ( f , t ) .  T h i s  s t a t i o n a r y  
assumpt ion  on H ( f , t )  implies t h a t  t h e  c o r r e l a t i o n  f u n c t i o n  P 
has  a special form ( 2 3 ) .  We can  w r i t e  
where 6 ( v )  is  t h e  Dirac d e l t a  f u n c t i o n .  We w i l l  c a l l  R and 
p t h e  f requency  c o r r e l a t i o n  f u n c t i o n  and t h e  d e l a y  s p r e a d  
c o r r e l a t i o n  f u n c t i o n  r e s p e c t i v e l y .  I t  can  be shown t h a t  R 
and p possess t h e  fo l lowing  F o u r i e r  t r ans fo rm r e l a t i o n s h i p  
J -8 
The f requency  correlation f u n c t i o n  is q u i t e  h p o r t a n t  s i n c e  
i t  p r o v i d e s  i n f o r m a t i o n  about the  n a t u r e  of the f requency  
selective f a d i n g  t h a t  takes p l a c e  i n  t h e  channel .  T h i s  i s  
t r u e  because  R ( f , t )  i n d i c a t e s  t h e  degree of d e c o r r e l a t i o n  t o  
be expec ted  i n  t h e  channe l  response  a t  t h e  t w o  f r e q u e n c i e s  
f o  and f o  + f a t  t i m e  t .  Thus i f  R ( f , t )  i s  smal l ,  t h e n  if a 
s i g n a l  i s  t r a n s m i t t e d  through t h e  channe l  which  p o s s e s s e s  
s i g n i f i c a n t  s p e c t r a l  components a t  t h e  t w o  f r e q u e n c i e s  f o  and 
f o  + f ,  w e  may e x p e c t  i t  t o  undergo s i g n i f i c a n t  f requency  
s e l e c t i v e  d i s t o r t i o n .  For t h i s  r e a s o n ,  i t  i s  conven ien t  t o  
de te rmine  some measure of "width" of t h i s  c o r r e l a t i o n  func- 
t i o n  to  i n d i c a t e  t h e  r a n g e  of f - v a l u e s  over which R ( f , t )  
r emains  r easonab ly  large.  This  w id th  i s  u s u a l l y  called t h e  
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coherence bandwidth of t h e  channe l  and i s  assumed t o  be 
related to t h e  maximum bandwidth which a s i g n a l  c a n  occupy 
if it i s  to  be r e l i a b l y  t r a n s m i t t e d  through t h e  channe l .  
S e v e r a l  measures o f  coherence  bandwidth are d i s c u s s e d  and 
compared i n  S e c t i o n  2 . 5 .  
Under t h e  assumption t h a t  t h e  channe l  var ies  s l o w l y  
enough t h a t  t i m e - i n v a r i a n t  a n a l y s i s  of t h e  f i l t e r  is v a l i d ,  
w e  can  w r i t e  
Throughout t h i s  report, t h i s  q u a s i  t i m e - i n v a r i a n t ,  or  "s lowly-  
v a r y i n g "  assumption w i l l  be used  i n  t h e  channe l  models con- 
sidered. 
1.6 Summary of t h e  Repor t  
The major  p a r t  of t h i s  r e p o r t  is devoted t o  an  eva lua -  
t i o n  of the  performance of an a d a p t i v e  r e c e i v e r  scheme which 
r educes  t h e  in t e r symbol  e f f e c t s i n t r o d u c e d  by a f requency  
s e l e c t i v e  channe l .  The a d a p t i v e  r e c e i v e r  c o n s i d e r s  t h e  fre- 
quency s e l e c t i v e  channe l  f i l t e r  t o  be approx ima te ly  modeled 
by o n l y  i ts  d e l a y  and d e l a y  d i s t o r t i o n  components. I n  order 
t o  compare t h e  a d a p t i v e  sys tems i n v e s t i g a t e d  w i t h  e q u i v a l e n t  
sys tems c o n t a i n i n g  no a d a p t i v e  f e a t u r e s ,  and a l s o  t o  check 
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t h e  o p e r a t i o n  o f  t h e  computer s i m u l a t i o n  programs used  i n  
this s t u d y ,  a detai led study o f  t h e  t h e o r e t i c a l  performance 
of non-adapt ive  sys tems was under taken .  F i r s t ,  t h e  t e c h n i q u e  
of B e l l o  and N e l i n  w a s  used t o  de te rmine  t h e  e x a c t  t h e o r e t -  
i c a l  performance of non-adapt ive sys tems under s tudy .  T h i s  
work a p p e a r s  i n  Chap te r  11. Chapter  I11 c o n t a i n s  a compari- 
s o n  of Sunde ' s  approximat ion  t o  t h e  error p r o b a b i l i t y  i n  a 
f requency  s e l e c t i v e  f a d i n g  system w i t h  t h e  e x a c t  error prob- 
a b i l i t i e s  c a l c u l a t e d  i n  Chapter  11. I n  Chapter  IV t h e  com- 
p u t e r  s i m u l a t i o n  program developed for t h i s  work i s  d i s c u s s e d .  
Then e x p e r i m e n t a l  v e r i f i c a t i o n  of an error ra te  e x p r e s s i o n  
g i v e n  i n  Chapter I1 i s  shown, a long  w i t h  some other e x p e r i -  
men ta l  r e s u l t s  on non-adaptive f a d i n g  channe l  communication 
sys tems which canno t  be e v a l u a t e d  a n a l y t i c a l l y .  
c o n t a i n s  a d e s c r i p t i o n  of a nove l  a d a p t i v e  communication 
scheme for  use w i t h  f r e y e n c y  s e l e c t i v e  fading c h a n n e l s  anci 
p r e s e n t s  expe r imen ta l  performance c u r v e s  f o r  t h e  proposed 
system. I n  Chapter  V I  the major c o n c l u s i o n s  of t h i s  report 
are summarized and some s u g g e s t i o n s  for  f u r t h e r  work i n  t h e  
area are g i v e n .  
Chap te r  V 
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CHAPTER 11: EXACT ERROR PROBABILITIES FOR 
SELECTIVE FADING SYSTEMS 
2.1 Method o f  Computation of Er ror  P robab i l i t i e s  
T h i s  r e p o r t  is devoted  t o  i n v e s t i g a t i o n  of  t h e  accu racy  
of t h e  Sunde approximate error e x p r e s s i o n  and t o  an i n v e s t i -  
g a t i o n  of t h e  u s e f u l n e s s  of  l i n e a r  d e l a y  d i s t o r t i o n  correc- 
t i o n  for f a d i n g  channe l  communication sys tems.  Fundamental 
t o  b o t h  of t h e s e  i n v e s t i g a t i o n s  i s  a comprehensive knowledge 
of the exact error rate  behav io r  o f  such  communication systems. 
For t h i s  r eason  t h i s  c h a p t e r  p r e s e n t s  a method of c a l c u l a t i n g  
such  e r r o r  p r o b a b i l i t i e s  and t h e  a p p l i c a t i o n  of t h i s  method 
t o  th ree  s p e c i f i c  cases. The re  are: 
1. 
2 .  
3 .  
Square  p u l s e  s i g n a l  and c h a n n e l  w i t h  Gauss ian  
f requency  c o r r e l a t i o n  f u n c t i o n ,  
Square  p u l s e  s i g n a l  and channe l  w i t h  s i n ( f ) / f  
f requency  c o r r e l a t i o n  f u n c t i o n ,  and 
Raised c o s i n e  s i g n a l  and channe l  w i t h  s i n ( f ) / f  
f requency  c o r r e l a t i o n  f u n c t i o n .  
All th ree  c a s e s  are f o r  d i f f e r e n t i a l l y  c o h e r e n t  phase  s h i f t  
keying systems. The t e c h n i q u e s  t o  be employed i n  t h e s e  error 
c a l c u l a t i o n s  were f i r s t  p r e s e n t e d  by Bel lo  and N e l i n  ( 5 1 ,  i n  
which case one above was i n v e s t i g a t e d .  liowever, i n  t h e i r  
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p a p e r  and i n  t h e  subsequen t  c o r r e c t i o n s ,  some of t h e  expree-  
sions are i n  error. T o  t h e  a u t h o r ' s  knowledge, t h e  error 
p r o b a b i l i t i e s  f o r  cases t w o  and t h r e e  above have n o t  been 
c a l c u l a t e d  b e f o r e .  
S i n c e  t h e  DPSK case i s  being c o n s i d e r e d ,  w e  can  f o r  s i m -  
p l i c i t y  redraw t h e  canon ic  r e c e i v e r  o f  F i g u r e  1 i n  t h e  form 
of a a i f f e r e n t i a l l y  c o h e r e n t  matched f i l t e r  r e c e i v e r  as  
shown i n  F i g u r e  3. 
Now t h e  error p r o b a b i l i t i e s  are computed by computing 
t h e  p r o b a b i l i t y  t h a t  Z i  > 0 g i v e n  t h a t  ai = 0 and t h e  proba- 
b i l i t y  t h a t  Z i  < 0 g i v e n  t h a t  ai = 1. S i n c e  w e  are assuming 
t h a t  a sequence of b i n a r y  d i g i t s  is  be ing  t r a n s m i t t e d ,  t h e  
in t e r symbol  i n t e r f e r e n c e  e f f e c t s  of a d j a c e n t  p u l s e s  must be 
inc luded  i n  t h e  p r o b a b i l i t y  computa t ions .  Thus w e  must com-  
p u t e  s e v e r a l  error p r o b a b i l i t i e s ,  each c o n d i t i o n e d  on one of 
the  p o s s i b l e  t r a n s m i t t e d  sequences of pulses. 
A t  t h i s  p o i n t  w e  must res t r ic t  o u r  c o n s i d e r a t i o n  t o  
i n c l u d e  o n l y  t h e  in te rsymbol  i n t e r f e r e n c e  a r i s i n g  from 
p u l s e s  t r a n s m i t t e d  e i ther  immediately b e f o r e  or a f t e r  t h e  
b i n a r y  d i g i t  of i n t e r e s t .  S ince  t w o  p u l s e s  are r e q u i r e d  t o  
t r a n s m i t  one  b i n a r y  d i g i t ,  w e  w i l l  need t o  compute error 
p r o b a b i l i t i e s  c o n d i t i o n e d  on v a r i o u s  sequences  of f o u r  t r a n s -  
m i t t e d  p u l s e s .  T h i s  r e s t r i c t i o n  t o  c o n s i d e r a t i o n  of o n l y  
a d j a c e n t  p u l s e s  i m p l i e s  t h a t  w e  a re  r e s t r i c t i n g  o u r s e l v e s  t o  
s i t u a t i o n s  where t h e  s e l e c t i v e  f a d i n g  i s  m i l d  enough to  war- 
r a n t  t h i s  assumption.  T h i s  i n  t u r n  can  be related t o  a 
res t r ic t ion  on d - i .e. ,  t h a t  t h e  f i n a l  e x p r e s s i o n  w i l l  be 
20 
z ( t )  6 'i - Threshold 
- Comparator 
Quadratic 
Combiner 
, L 
q i  
u ( t )  Low-Pass 
Filter 
< o  91 = 0, Zl - 
qi = 1, zi > o  
Figure 3 .  DPSK Receiver. 
2 1  
c o n s i d e r e d  v a l i d  o n l y  f o r  va lues  of d below some maximum. 
T h i s  maximum v a l u e  of d i s  e i t h e r  e s t i m a t e d  o r  computed 
e x a c t l y  i n  Appendices A ,  B, and C f o r  each  of  t h e  t h r e e  
cases c o n s i d e r e d .  I n  each  of t h e s e  t h r e e  cases, it w i l l  be 
s e e n  t h a t  a l l  v a l u e s  of d which are of prac t ica l  i n t e r e s t  
s a t i s f y  t h i s  r e s t r i c t i o n .  
S i n c e  we have assumed t h a t  t h e  p r o b a b i l i t i e s  associated 
w i t h  the a i ' s  are t i m e - i n v a r i a n t  and t h e  channe l  impulse 
r e sponse  t o g e t h e r  w i t h  t h e  a d d i t i v e  w h i t e  n o i s e  are s t a t i o n -  
ary, w e  can  compute the error p r o b a b i l i t i e s  f o r  o u r  system 
Ly computing t h e  error p r o b a b i l i t y  a s s o c i a t e d  w i t h  t h e  t r a n s -  
m i s s i o n  of b i n a r y  c i igi t  a l .  T h u s ,  w e  must concern  o u r s e l v e s  
w i t h  t h e  d e t e c t i o n  of t h e  sequence b o , b l .  The assumption 
made above t h a t  o n l y  a d j a c e n t  p u l s e  in t e r symbol  i n t e r f e r e n c e  
need L e  t aken  i n t o  account means t h a t  i t  w i l l  be n e c e s s a r y  t o  
t a k e  i n t o  accoun t  t h e  t r a n s m i t t e d  sequence D, l ,b0 ,b i rb2 .  i t  
w i l l  be conven ien t  t o  d e f i n e  t h i s  s u b s e t  o f  t h e  modula t ion  
sequence  a s  S. F i g u r e  4 i l l u s t r a t e s  a p o s s i b l e  r e c e i v e d  wave- 
form ( i n  the absence  o f  no i se )  f o r  a p a r t i c u l a r  sequence S. 1 
W e  now d e f i n e  
= P r ( e r r o r  occurs I S  = ( a , b , c , d ) l  Pabcd 
' W e  w i l l  d e f i n e  bk t o  be t h e  modula t ion  symbol corre- 
sponding t o  t h e  p u l s e  whose peak v a l u e  o c c u r s  a t  (k - 4)Tb 
sec. or ,  i n  t h e  c a s e  of a square  s i g n a l i n g  p u l s e ,  bk corre- 
sponds t o  t h e  p u l s e  t r a n s m i t t e d  d u r i n g  t h e  t i m e  i n t e r v a l  
[(k - l ) T t , , k T b l e  
2 2  
TRANSMITTED 
WAVEFORM 
i" 
CHANNEL RESPONSE 
TO SINGLE PULSE 
t 
RECEIVED ly ( t '  
-Tb Tb 
Figure 4 .  Transmitted and Received Waveforms Corresponding 
to S = (O,l,l,O) Showing Possible Effects of 
Intersymbol Interference .  
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Defining E to be the binary compliment of b, we then 
have 
We also define 
Bello and Nelin have shown that two forms of symmetry 
exist in the conditional probabilities above. These are 
Thus, recalling that we have assumed that each ai can be a 
"1" or a " 0 "  with equal  probability and that the ai's are 
statistically independent, we can write 
1 
1 
Po = [Po101 + PllOO + 2POlOO~ 
(2-4) 
P1 = a [Pollo + P l l l l  + 2POllll 
Finally, the system probability of error can be written 
2 4  
Now u s i n g  t h e  f a c t  t h a t  t h e  s i g n a l s  u ( t )  and v ( t )  are 
Gaussian,  we can write t h e  p r o b a b i l i t y  r e q u i r e d  t o  e v a l u a t e  
t h e  above e x p r e s s i o n s  as f o l l o w s  1.24) : 
where  
-R 
R' = 1+R 
R and R '  c an  be c o n s i d e r e d  t o  be " e q u i v a l e n t "  s i g n a l - t o -  
n o i s e  ratios i n  t h e  g i v e n  system, s i n c e  they  e n t e r  i n t o  t h e  
p r o b a b i l i t y  e x p r e s s i o n s  i n  a manner ana logous  t o  t h e  way t h e  
SNR e n t e r s  i n t o  t h e  error p r o b a b i l i t y  e x p r e s s i o n s  i n  t h e  f l a t  
f a d i n g  case. Thus, w e  may w r i t e  
1 - -_.- 'abbe 2 + Rabbc 
(2 -7 )  
where Rabbc is t h e  value of R g i v e n  t h a t  S = ( a , b , b , c ) .  
The R ' s  are r e l a t e d  t o  the moments of u arid v a s  f o l -  
lows ( 2 4 ) :  
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To compute .Rabcd using this equation, the values of !T-# 
m‘, and u*v given that S = (a,b,cOd) are inserted in the 
expression. The moments of u and v are functions of the 
channel frequency correlatioh function R ( f ) ,  the additive 
noise spectral density No, the transmitted signal energy E, 
the ratio of the signaling rate to the coherence bandwidth of 
the channel d, and the shape of the transmitted signal. For 
convenience in later expressions we define a detector input 
signal-to-noise ratio as 
- 
average signal ener:qy p er pulse at detector input 
additive noise spectral density r =  
We will consider t w o  different frequency correlation 
functions - the Gaussian-function (G-F) frequency correlation 
function and the sinc-function (S-F)  frequency correlation 
function. 
1. G-F frequency correlation function 
For this case, R ( f )  is defined by 
The corresponding delay spread correlation 
function is 
2 We therefore have r = a O E / N o ,  and it is con- 
venient to define d = (TbBc)-’. Bc is the 
channel bandwidth at the e-1 points on R(f) . 
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We' s h a l l  c a l l  t h i s  t h e  cohe rence  bandwidth of 
t h e  G-F channe l .  
2 .  S-F f r equency  c o r r e l a t i o n  f u n c t i o n  
I n  t h i s  case w e  have  
R ( f )  = 2R0T s inc (2 fTJ  m (2 -11)  
RoTmE , and it is  c o n v e n i e n t  T h e r e f o r e  r = 
t o  d e f i n e  d = T,/Tb. 
NO 
2 - is  t h e  channe l  band- 
Tm 
wid th  a t  t h e  f irst  z e r o s  of R ( f ) .  W e  s h a l l  
c a l l  t h i s  t h e  coherence  bandwidth o f  t h e  S-F 
channe l .  The s i n c - f u n c t i o n  f r equency  corre- 
l a t i o n  f u n c t i o n  w a s  sugges t ed  by Sunde ( 6 )  
who showed it t o  be t h e  f r equency  c o r r e l a t i o n  
f u n c t i o n  associated w i t h  a s i m p l i f i e d  model 
of a radio scatter channe l .  
I n  t h i s  work, t w o  p u l s e  shapes  w i l l  be cons ide red  f o r  
t h e  s i g n a l  s(t). These are t h e  s q u a r e  pu l se  s i g n a l  and  t h e  
raised c o s i n e  spectrum s i g n a l .  
1. Square  P u l s e  S i g n a l  
The s q u a r e  p u l s e  s i g n a l  i s  s p e c i f i e d  by t h e  
e q u a t i o n  
L o  , o t h e r w i s e  
(2-12) 
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2. b i s e d  Cosine S i g n a l  
The raised canine s i g n a l  o b t a i n s  i t s  name 
from the f a c t  t h a t  t he  spectrum of i ts  p u l s e  
t r a n s f e r  c h a r a c t e r i s t i c  has  t h e  shape  of  a 
raised or  " o f f s e t "  c o s i n e  f u n c t i o n ,  i .e. 
Ecos2(n f /2B)  , If1 B 
(2-13) 
, o t h e r w i s e  
The t i m e  domain expression f o r  t h i s  s i g n a l  
i s  g iven  by 
1 s ( t )  = [ s i n c ( 2 B t  - q ) + s i n c ( 2 B t - 3 / 2 ) ]  
(2 -14)  
2 .2  Error P r o b a b i l i t i e s  f o r  G-F Channel, 
Square Pulse S i g n a l i n 3  
For the G-F channel  with squa re  p u l s e  s i g n a l i n g ,  exact 
e x p r e s s i o n s  f o r  t h e  s i x  r e q u i r e d  e q u i v a l e n t  SNR's are g iven  
i n  Appendix A. I n  t h i s  appendix it is also shown t h a t  f o r  
s m a l l  d ,  say d .I, t h e  R ' s  can  be c l o s e l y  approximated by 
2 r ( l  - 2c,d) 
m 
(1 + r ){ l  - 2 c , g ( r ) d  + 2 d ' [ ~ ~ g ( r ) - c ~ ~ g ( r ) l )  - (1 -2c ld )  
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where 
A l l  of t h e s e  e x p r e s s i o n s  except  t h e  one  for R 1 l l l  are i n  d i s -  
agreement w i t h  those of Bel lo  and Nel in .  
t h e i r  errors have on t h e  r e s u l t i n g  error p r o b a b i l i t y  i s  shown 
i n  Appendix A. 
The e f f e c t  t h a t  
I t  is i m p o r t a n t  t o  n o t e  t h a t  for each  of t h e  R's above 
we have 
which agrees w i t h  t h e  w e l l  known e x p r e s s i o n  f o r  DPSK s i g n a l -  
i n g  through a f l a t  Rayle igh  f a d i n g  channel .  
When w e  examine the l i m i t s  of t h e  s i x  c o n d i t i o n a l  prob- 
a b i l i t i e s  as r * w e  have 
+ o  P l l l l  
?, 2c,d2 
1 - 4cld + 4c,d2 
(c2 - C L 2 ) d 2  
' O i l 1  -* 1 - 2c1d + 2 ( c ,  - c 1 2 ) d Z  
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2c, d2 
PllOO * 
1 - 4 c l d  + 4 C 2 d 2  
(c2 - c 1 2 ) d 2  
1 - 6c ld  + 2 ( 3 ~ ,  - C 1 2 ) d 2  Po100 * (2-16) 
Thus w e  can  w r i t e  
l i m  2c2 + (c* - C$* 
r- ' e  1-4c ld+4c ,d2  
(2-17) 
1 1 + 1-2c, d+2 ( c2 -C ) d 2  1 - 6 ~  I d+2Uc,-c 2 ) d 2  
T h i s  is  t h e  e x p r e s s i o n  for the s o - c a l l e d  i r r e d u c i b l e  error 
p r o b a b i l i t y  i n  a s e l e c t i v e  fading system. T h i s  is because  
f o r  a g i v e n  r e l a t i v e  d a t a  r a t e  d ,  t h e  system p r o b a b i l i t y  of 
error canno t  be reduced below t h i s  v a l u e  no matter how much 
t h e  s i g n a l - t o - n o i s e  r a t i o  i s  i n c r e a s e d .  We n o t e  t h a t  f o r  
small  d, s a y  d<.05, w e  can  write an  a sympto t i c  approximat ion  
f o r  pei as 
i which i n d i c a t e s  t h a t  Pe d e c r e a s e s  as d 2  as d+O. 
F i g u r e  5 is a p l o t  of the system p r o b a b i l i t y  of error 
for t h i s  case wherein curves  are g i v e n  i n d i c a t i n g  P as a e 
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func t ion  of. t h e  data r a t e  d f o r  f i x e d  values  of  r.  Notice 
t h a t  ho ld ing  r f i x e d  i m p l i e s  t h a t  t h e  energy  E p e r  t rans-  
mit ted b i t  is be ing  h e l d  constant  wh i l e  t h e  data rate is  
be ing  varied. Th i s  accounts f o r  h o r i z o n t a l  asymptotes  on  
t h e  l e f t  which are t h e  va lues  of Pe f o r  f l a t  n o n s e l e c t i v e  
f a d i n g .  The l i n e  l a b e l e d  r - 0 shows Pe i . 
2.3 Error  P r o b a b i l i t i e s  f o r  t h e  S-F Channel. 
Square Pulse  S i g n a l i n g  
For t h e  S-F channel  w i t h  s q u a r e  p u l s e  s i g n a l i n g ,  exact  
expressions f o r  t h e  s i x  r equ i r ed  e q u i v a l e n t  SNR's are g iven  
i n  Appendix B. I n  t h i s  appendix, it i s  also shown t h a t  f o r  
small d,  s a y  d e . 1 ,  t h e  R's can be closely approximated by 
Rllll = 2r 
3: 2 r ( l  - 4c3d) 
R o l l o  1 + rlrlc,dz) 
2r( l -6c3d+4c ,d2)  
( l+r) (1 -6c3g( r )d+2d2  [ 3 c , g ( r ) - c 3 * g 2  ( r )  l~ - r ( l -6c3d+4c ,+d)  R h o 0  - 
(2-19) 
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where 
c j  = 1/4 
c, = 1/6 
W e  again  note t h a t  each of the  R's above approaches 2r 
as  a l i m i t  when d 4 #  g i v i n g  d+O l im P, = [ 2 ( 1  + r 1 1 - l ~  t h e  f l a t  
fading r e s u l t .  
Examining the l i m i t s  of the  s i x  c o n d i t i o n a l  probabi l -  
i t i e s  as r*aO w e  have 
P l l l l  * o  
(2-20) 
5d2 /4 8 
* 1 - 3d/2 + 7d2/8 
Thus the i r r e d u c i b l e  p r o b a b i l i t y  of error i s  
+ 1/3  1 
1-d/2+5d2/24 1-3d/2+7d2/8 
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As before, f o r  small il, s a y  de.05, w e  can  w r i t e  
(2-22) 
and w e  a g a i n  see t h a t  Pei dec reases  as d2  as d+O. 
F i g u r e  6 is  a p l o t  of t h e  system p r o b a b i l i t y  o f  error 
f o r  t h i s  case wherein c u r v e s  are g iven  i n d i c a t i n g  Pe as a 
f u n c t i o n  of  d for f i x e d  va lues  of Pave, t h e  average  power 
(on a one-ohm basis) d i s s i p a t e d  a t  t h e  o u t p u t  of t h e  t r a n s -  
m i t t e r .  T h i s  t ype  of cu rve  is shown t o  i n d i c a t e  t h e  d i f f e r -  
ences  i n  t h e  performance cu rves  which occur  when a restric- 
t i o n  which may be p h y s i c a l l y  more meaningful  is imposed. 
Here w e  c o n s i d e r  t h a t  many communication t r a n s m i t t e r s  are 
des igned  w i t h  a f i x e d  average t r a n s m i t t e d  power ra ther  than  
a f i x e d  energy per t r a n s m i t t e d  b i t .  I n  t h i s  cu rve ,  w e  see 
that t h e  asymptotes  on t h e  l e f t  a r e  now s l o p i n g .  T h i s  i s  
due t o  t h e  fact  t h a t  as the data ra te  i s  i n c r e a s e d  w h i l e  
average t r a n s m i t t e d  power is held c o n s t a n t ,  t h e  energy  p e r  
t r a n s m i t t e d  b i t  decreases, caus ing  t h e  error p r o b a b i l i t y  t o  
i n c r e a s e .  The asymptote t o  t h e  r i g h t  ( t h e  l i n e  of i r r e d u c -  
ible p r o b a b i l i t y  of e r r o r )  is t h e  same l i n e  t h a t  would 
appear  i n  a graph  of Pe w i t h  r he ld  f i x e d .  T h i s  i s  because 
is o n l y  a f u n c t i o n  of d and n o t  of r 'e 
i n t e r e s t i n g  t o  n o t e  from t h i s  g raph  t h a t  
Or 'ave I t  i s  
for  f i n i t e  average  
'Recall t h a t  Pei = l i m  Pe = l i m  
pave+o r- 
'e 
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Figure 6. Error Probabilities f o r  S-F Channel, Square Pulse 
S i g n a l i n g .  
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SNR's, t h e  .mechanism of a frequency s e l e c t i v e  f a d i n g  channel  
y i e l d s  a n  error p r o b a b i l i t y  which is  p r o p o r t i o n a l  t o  d for 
s m a l l  d and which i s  p r o p o r t i o n a l  t o  d2 f o r  l a r g e  d. 
I n  o r d e r  t o  p l o t  a curve of  t h e  type  shown i n  F igu re  5, 
w e  compute t h e  average  t r a n s m i t t e d  power as  fo l lows .  By 
d e f i n i t i o n  
1 
TbBc 
- -  a 
Thus 
N"BC = ( r d )  -- rN 0 - 
2 
2 0  'Tb 2an 
'ave 
NOW No, Bc8 and a o 2  are a l l  c o n s t a n t s  associated w i t h  t h e  
channel  and a r e  assumed to be fixed. 
t h e  p roduc t  rd is h e l d  cons t an t .  
p a r e  one cu rve  of t h e  type  of F i g u r e  6 from a graph  l i k e  
F igu re  5,  t h e  v a l u e  of rd  i s  f i rs t  determined and then  t h e  
p o i n t s  on F igu re  5 a r e  found whose r and d cor respond t o  t h e  
d e s i r e d  va lue  of d and f i x e d  v a l u e  of rd .  
which are read a r e  then  p l o t t e d  v e r s u s  d on t h e  new graph. 
Thus Pave is f i x e d  i f  
The re fo re ,  i n  o r d e r  t o  p re -  
The v a l u e s  of P, 
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2,4 Error Probabilities for S-F Channel, 
Raised Cosine Signalin9 
For the S - r  channel with raised cosine signaling, the 
computations required to evaluate the required signal-to- 
noise ratios become much more formidable than for the two 
cases discussed above. For this reason it is impossible to 
write reasonably compact expressions for the required R ' s .  
We will therefore write the moments of u and v, realizing 
that these are used with Equation (2-8) to yield the R ' s .  
It is convenient to make the following definitions: 
rn;ycd E 1- given S = (a,b,c,d) 
abed z given S = ( a , b , c , d )  
5 u*v given S = (a,b,c,d) "1 0 
s, = 2a - 1 
= 2 b - 1  s2 
s3 = 2c - 1 
s,, = 2d - 1 
(2-24) 
(2-25) 
It is shown in Appendix C that 
*K [ 1-2 (3-1-r), n-2 ( 3 - k - s )  , 2dJ + 32ENodrs 
(2-26) 
where 
The e v a l u a t i o n  of K(p,q,M) i n  terms of t h e  s i n e  and c o s i n e  
i n t e g r a l s  S i ( x )  and C i n ( x )  i s  g iven  i n  Appendix C. 
I n  order t o  examine t h e  behavior  of Pei for t h i s  case, 
w e  must resort t o  examinat ion of t h e  graphical r e s u l t s  
o b t a i n e d  from numer ica l  e v a l u a t i o n  of t h e  above expres s ions .  
Figure 8 ,  which will be discussed i n  detai l  i n  t h e  n e x t  sec- 
t i o n ,  c o n t a i n s  these g r a p h i c a l  r e s u l t s .  I t  shows t h a t  f o r  
t h i s  case, as w i t h  t h e  previous  t w o  cases, Pe 
t i o n a l  t o  d2 as d+O. From t h e  graph, w e  f i n d  t h a t  t h e  pro- 
p o r t i o n a l i t y  factor i s  - 0 4 7 ,  a l lowing  us to w r i t e  
i is propor- 
Pei .047d2 (2 -28 )  
for small d.  
F igu re  7 is a p l o t  of the error p robab i l i t i e s  computed 
from combining e q u a t i o n s  (2-26) and (2-27) w i t h  ( 2 - 4 )  - ( 2 - 8 ) .  
I n  this p l o t ,  v a l u e s  of Pe a r e  plot ted v e r s u s  r for  f i x e d  
v a l u e s  of r e l a t i v e  d a t a  r a t e  d .  The effect  of t h e  i r r e d u c -  
i b l e  p r o b a b i l i t y  of e r r o r  can be s e e n  i n  the  h o r i z o n t a l  asymp- 
totes on the  r i g h t .  These asymptotes  show t h a t  i n c r e a s i n g  r 
i n d e f i n i t e l y  resu l t s  o n l y  i n  r educ ing  Pe t o  a non-zero v a l u e  
which depends on the  r e l a t i v e  data rate. The asymptote on 
the  left r e p r e s e n t s  t h e  error p r o b a b i l i t y  for t h e  f l a t  
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Rayleigh f a d i n g  case. 
o u r  P, e x p r e s s i o n s  approach the f l a t  Rayleigh f a d i n g  expres -  
s ion  as d+O. T h i s  f l a t  f a d i n g  asymptote  shows t h a t  for low 
average SNR's t h e  error p r o b a b i l i t y  is c o n t r o l l e d  by the  
effects of the  a d d i t i v e  n o i s e  and the v a r i a b l e  r e c e i v e d  s i g -  
T h i s  is a180 the d=O curve s i n c e  a i l  
n a l  ampl i tude ,  w h i l e  the d i s t o r t i o n  and in t e r symbol  i n t e r f e r -  
ence  effects are n e g l i g i b l e .  The h o r i z o n t a l  asymptotes i n d i -  
c a t e  t h a t  even i f  the a d d i t i v e  n o i s e  and v a r i a t i o n  i n  r ece ived  
s i g n a l  ampli tude are removed, d i s t o r t i o n  and in t e r symbol  
i n t e r f e r e n c e  w i l l  s t i l l  cause  errors t o  occur .  
2 .5  Comparison of R e s u l t s  
In t h i s  s e c t i o n  g raphs  are p r e s e n t e d  which compare the  
r e s u l t s  of each of t h e  above three s e c t i o n s .  These three cam- 
p a r i s o n s  are made i n  t he  three g r a p h i c a l  forms which were 
p resen ted  i n  those s e c t i o n s ,  namely 
1. curves  of Pe v e r s u s  d w i t h  average  SNR h e l d  
cons t a n  t , 
c u v e s  of Pe v e r s u s  d w i t h  average  t r a n s m i t t e d  
power he ld  c o n s t a n t ,  and 
Pe v e r s u s  SNR w i t h  r e l a t i v e  d a t a  rate, d ,  he ld  
c o n s t a n t  . 
2 .  
3 .  
Before any comparison can be made between d i g i t a l  com- 
municat ion s y s t e m s  o p e r a t i n g  ove r  d i f f e r e n t  s e l e c t i v e  f a d i n g  
channe l s ,  t h e  q u e s t i o n  must be asked: "How can t h e  r e l a t i v e  
data rates for each system be d e f i n e d  i n  an e q u i v a l e n t  man- 
ne r?"  The mot iva t ion  for a s k i n g  t h i s  q u e s t i o n  can be seen  
by cons ide r ing  the t w o  channe l  models i n v e s t i g a t e d  above. 
4 1  
For the G-F channel  w e  d e f i n e d  the relative data rate, say 
d , ?  as 
1 
c b  d l  - g T  
(2 -29)  
Tha t  is, it is  the ra t io  of the nominal s i g n a l i n g  bandwidth 
l / T b  t o  t h e  coherence  bandwidth of t h e  channel .  
channel  w e  def ined  the r e l a t i v e  data rate, say d,,  as 
For the  S-F 
(2-30) 
T h i s  can be i n t e r p r e t e d  as the r a t i o  of t h e  nominal s i g n a l i n g  
bandwidth l /Tb  t o  one-half  the coherence  bandwidth of the  
channe l ,  2/Tm. 
G-F channe l ,  the coherence bandwidth B, w a s  d e f i n e d  as t he  
d i s t a n c e  between e-' p o i n t s  on t h e  f requency  c o r r e l a t i o n  
f u n c t i o n  of t h e  channe l ,  w h i l e  f o r  t h e  S-F channel  t h e  coher- 
ence  bandwidth was d e f i n e d  as t h e  d i s t a n c e  between t h e  .first 
z e r o s  of t h e  f requency  c o r r e l a t i o n  f u n c t i o n .  T h i s  means t h a t  
d, and d, do n o t  r e a l l y  r e p r e s e n t  e q u i v a l e n t  measures  of data 
ra te  i n  t h e  t w o  d i f f e r e n t  channels .  
Furthermore,  it should  be no ted  t h a t  f o r  t h e  
The above s u g g e s t s  t h a t  i n  order to  compare d i g i t a l  
systems o p e r a t i n g  over frequency s e l e c t i v e  channe l s ,  one must 
a. choose an e q u i v a l e n t  d e f i n i t i o n  of s i g n a l i n g  
bandwidth for each system ( l / T b  i n  each case 
for the systems considered here),  
4 2  
b. choose a n  e q u i v a l e n t  d e f i n i t i o n  of coherence  
bandwidth for  each channe l ,  and 
u s e  t h e  same d e f i n i t i o n  of r e l a t i v e  data rate 
fo r  each  system. 
C. 
I n  t h i s  work w e  have d e f i n e d  r e l a t i v e  d a t a  r a t e  t o  be propor- 
t i o n a l  to t h e  ra t io  of s i g n a l i n g  bandwidth t o  coherence  band- 
w i d t h  i n  each case. 
of dec id ing  on a meaningful  d e f i n i t i o n  of coherence  bandwidth 
and apply ing  it t o  t h e  t w o  channe l s  under  i n v e s t i g a t i o n .  
Therefore, w e  are l e f t  w i t h  the problem 
A t  least  f o u r  d e f i n i t i o n s  of coherence  bandwidth are 
p o s s i b l e .  These are: 
1. “RMS” Coherence Bandwidth 
(2-31) 
T h i s  d e f i n i t i o n  of coherence  bandwidth was sug- 
gested by B e l l o  ( 2 5 1 ,  who also sugges t ed  some 
p r a c t i c a l  t e c h n i q u e s  for measuring it. 
2. ” E q u i v a l e n t ”  Coherence Bandwidth 
This d e f i n i t i o n  is sugges t ed  by the  e q u i v a l e n t  
n o i s e  bandwidth d e f i n i t i o n  which i s  used i n  
a n a l y s i s  of l i n e a r  systems. W e  have 
(2-32) 
3 . "eo' " Coherence Bandwidth 
Here w e  d e f i n e  t h e  coherence bandwidth of t h e  
channe l  as t h e  d i f f e r e n c e  between t h e  t w o  fre- 
quenc ie s  f ,  and f ,  which s a t i s f y  R ( f l )  = R(f , )  
= R(0)e- ' .  Thus 
4 .  Rec ip roca l  Delay Spread Coherence Bandwidth 
Here w e  d e f i n e  t h e  coherence bandwidth as t h e  
r e c i p r o c a l  of t h e  nonoal ized  rms width  o f  t h e  
d e l a y  s p r e a d  c o r r e l a t i o n  f u n c t i o n .  
wid th  of  t h e  d e l a y  spread  correlation f u n c t i o n  
is g iven  by 
The rms 
(2-33) 
The coherence bandwidth is  then  d e f i n e d  by 
I t  can be shown t h a t  r o 2  i s  p r o p o r t i o n a l  t o  t h e  s p r e a d  of t h e  
d e n s i t y  f u n c t i o n  associated wi th  t h e  second d e r i v a t i v e  of  t h e  
phase response  f u n c t i o n  of the channel t r a n s f e r  f u n c t i o n  
H ( f )  . T h i s  means t h a t  i t  i s  r e l a t e d  t o  t h e  average s t r e n g t h  
of  t h e  l i n e a r  d e l a y  d i s t o r t i o n  being in t roduced  by t h e  chan- 
nel. Equat ing  B ( 4 )  f o r  t w o  d i f f e r e n t  channe l s  i s  t h e  
4 4  
e q u i v a l e n t  to equa t ing  the  average s t r e n g t h s  of the l i n e a r  
d e l a y  d i s t o r t i o n  being i n t r o d u c e d  by t h e  channe l s .  
method of e q u a t i n g  t h e  coherence bandwidths of random chan- 
n e l s  was sugges t ed  by Sunde ( 6 ,  page 208) . 
T h i s  
Unfor tuna te ly ,  coherence bandwidth B does n o t  e x i s t  
fo r  t h e  S-F channel .  We can, however, u s e  t h e  other three 
bandwidth d e f i n i t i o n s  t o  p rov ide  a no rma l i za t ion  between t h e  
r e l a t i v e  data rates of the  systems w e  are c o n s i d e r i n g .  
1 Applying d e f i n i t i o n  2 ,  w e  f i n d  f o r  t h e  G-F channel :  
( 2 )  2 a 0 2  exp(-4f2 /Bc2)df  = Bc&/2 
For the  S-F channe l ,  we o b t i a n  
Equating these t w o  bandwidths,  w e  o b t a i n  
1 Bc = - 
&Tm 
and 
.565d, 
(2 -35)  
(2-36)  
(2 -37)  
'Throughout t h i s  s e c t i o n  bracketed s u p e r s c r i p t s  corre- 
spond t o  t h e  v a r i o u s  coherence  bandwidth d e f i n i t i o n s  w h i l e  
subscripts cor respond to  t h e  s p e c i f i c  f requency c o r r e l a t i o n  
f u n c t i o n s  being i n v e s t i g a t e d ,  e.g., B1(2) is  t h e  bandwidth 
d e f i n e d  by d e f i n i t i o n  2 fo r  t h e  G-F channel  c o r r e l a t i o n  func- 
t i o n  . 
4 5  
Applying d e f i n i t i o n  3 ,  the  coherence bandwidth for the 
G-F channel is 
whi le  for the  S-F channel,  w e  obta in  
Equating these  t w o  bandwidths, w e  obta in  
.7  Bc = - 
and 
d, =I .7d, 
(2 -38)  
Applying d e f i n i t i o n  4 ,  we f i n d  for the G-F channel: 
(2-39) 
F o r  the S-F channel ,  w e  obtain 
46 
Equating these t w o  bandwidths,  w e  f i n d  
f-6 Bc =  
Tm 
and 
(2-40)  
(2-41)  
We note t h a t  d e f i n i t i o n s  3 and 4 r e s u l t  i n  ra t ios  of d ,  
t o  d, w h i c h  are f a i r l y  close to  each  other. 
gives  a r e s u l t  somewhat d i f f e r e n t  from t h e  other t w o .  A pos- 
s ib le  exp lana t ion  for  t h i s  d i f f e r e n c e  is t h a t  d e f i n i t i o n  2 i s  
Lased o n  t h e  area under t h e  cu rve  of R ( f )  . For the  S-F 
channe l ,  R ( f )  becomes n e g a t i v e  for  some v a l u e s  of f ,  and 
( 2 )  t h e s e  reg ions  s u b t r a c t  from t h e  t o t a l  c o n t r i b u t i o n  t o  B2 
Thus, t h e  d i f f e r e n t  r a t i o  of d, t o  d,  which w e  f i n d  i n  t h i s  
case c a n  be l i n k e d  t o  a basic d e f i c i e n c y  of t h e  bandwidth 
d e f i n i t i o n  used.  I t  appears t h a t  i n  such  cases modifying 
d e f i n i t i o n  2 to B 
b u t  for  the  S-F channe l ,  t h i s  bandwidth does n o t  e x i s t .  
D e f i n i t i o n  2 
. 
I R ( f )  Idf would be a d v i s a b l e ,  ( 2 )  1 -  
= Em/ -OD 
S i n c e  d e f i n i t i o n s  
of d t o  d w h i l e  
l iable  results i n  
2 1 
3 and 4 r e s u l t e d  i n  n e a r l y  the  same rat io  
d e f i n i t i o n  2 appea r s  t o  give somewhat unre- 
t h i s  case, a ra t io  of d, t o  d, of .7  was 
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chosen f o r k t h e  g r a p h i c a l  comparisons.of F i g u r e s  8 ,  9 ,  and 10. 
These g raphs  are a l l  p l o t t e d  with d, as t h e  i n d i c a t e d  param- 
eter. 
I n  F igu re  8 t h e  t h r e e  s y s t e m s  which have bean i n v e s t i -  
g a t e d  a r e  compared w i t h  curves  of Pe v e r s u s  d, w i t h  average  
SEiR he ld  c o n s t a n t .  The most impor t an t  f a c t  which t h i s  graph  
p o i n t s  o u t  i s  t h a t  f o r  a given r e l a t i v e  data ra te  t h e  irre- 
d u c i b l e  error p r o b a b i l i t y  is d i f f e r e n t  f o r  each  system. W e  
n o t e  t h a t  raised c o s i n e  s i g n a l i n g  i n  t h e  S-F channel  r e s u l t s  
i n  t h e  lowest Pei, w i t h  square  p u l s e  s i g n a l i n g  i n  the S-F 
channel  and squa re  p u l s e  s i g n a l i n g  i n  t h e  G-F channel  provid-  
i n g  r e s p e c t i v e l y  poore r  performance. T h i s  d i f f e r e n c e  i n  per -  
formance of t h e  systems lead6 u s  to  t w o  conc lus ions .  F i r s t ,  
i t  appea r s  t h a t  f o r  a g iven  random channel ,  a band l imi t ed  s i g -  
n a l  or a s i g n a l  whose s p e c t r a l  energy i s  h e a v i l y  c o n c e n t r a t e d  
near t h e  c e n t e r  f requency i s  p r e f e r a b l e  t o  a s i g n a i  whose 
spectrum has t a i l s  which f a l l  o f f  s l o w l y .  Second, for a g iven  
waveform, it appea r s  t h a t  t h e  d i f f e r e n c e s  which r e s u l t  from 
t h e  use of  channels  w i t h  d i f f e r e n t  f requency correlation func- 
t i o n s  i s  r e l a t i v e l y  small. From t h e  f i g u r e  w e  see t h a t  t he  
change i n  performance which  r e s u l t s  from changing s i g n a l s  w i t h  
t h e  S-F channel  is  much g r e a t e r  t h a n  t h a t  r e s u l t i n g  from 
changing channe l s  w i th  square p u l s e  s i g n a l i n g .  T h i s  f ac t  i s  
encouraging f o r  d e s i g n e r s  of systems s imilar  t o  t h e  one under 
c o n s i d e r a t i o n  he re .  I t  i n d i c a t e s  t h a t  i f  one d e s i g n s  a system 
us ing  t h e  assumption t h a t  the channel  t o  be used p o s s e s s e s  a 
s p e c i f i e d  frequency c o r r e l a t i o n  f u n c t i o n ,  t hen  even i f  the  
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Figure 9. Camparison of Error Probabilities - Curves of 
Constant Power. 
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g i v e n  c o r r e l a t i o n  does n o t  e x a c t l y  co r re spond  to  t h a t  of  the 
channel ,  the p r e d i c t e d  performance of  t h e  des igned  system 
w i l l  probably n o t  d i f f e r  s i g n i f i c a n t l y  from t h e  a c t u a l  per- 
formance i t  r e a l i z e s .  For i n s t a n c e ,  i f  one can show t h a t  a 
cer ta in  s i g n a l  shape is t h e  optimum one t o  use  i n  a g iven  
f a d i n g  channel ,  then  i t  could  w e l l  r e s u l t  i n  n e a r l y  optimum 
performance f o r  a wide v a r i e t y  o f  channels .  
O t h e r  f a c t s  which can  be observed i n  F i g u r e  8 are t h a t  
decreases as d2 f o r  sma l l  v a l u e s  of d f o r  each of t h e  
three s y s t e m s  and t h a t  f o r  any f i n i t e  average  SNR, t h e  error 
p r o b a b i l i t y  approaches t h e  same v a l u e  f o r  each system as d 
becomes small .  
pe 
I n  F igu re  9 c u r v e s  of Pe v e r s u s  d w i t h  average  t r a n s -  
mi t ted  power he ld  c o n s t a n t  are shown f o r  each of t h e  systems - 
i n v e s t i g a t e d .  I n  t h i s  g raph ,  w e  a g a i n  n o t e  t h e  d i f f e r e n c e  i n  
i r r e d u c i b l e  error p r o b a b i l i t y  f o r  t h e  t h r e e  cases, as  w e l l  as 
t h e  f ac t  t h a t  t h i s  p r o b a b i l i t y  decreases as d2 f o r  s m a l l  d. 
We again  see t h a t  f o r  f i n i t e  average  SNR, t h e  error p r o b a b i l -  
i t y  approaches a n  asymptote as d becomes small. I n  t h i s  case, 
however, the  asymptote i s  p r o p o r t i o n a l  t o  d. 
I n  F igure  1 0 ,  cu rves  of Pe v e r s u s  average  SNR f o r  f i x e d  
d are shown for  each of t h e  three cases. I n  t h i s  graph  w e  
see t h a t  each system approaches t h e  performance of a f l a t -  
f a d i n g ,  Gaussian n o i s e  system for  l o w  average  SNR. The d i f -  
ference i n  i r r e d u c i b l e  error p r o b a b i l i t i e s  for t h e  three 
systems can be s e e n  i n  these c u r v e s  also for  s p e c i f i c  v a l u e s  
of d. 
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2.6 Summary 
I n  t h i s  c h a p t e r  we have shown t h a t  it is pos~&*&e, 
a l though  somewhat  t e d i o u s ,  t o  compute error p r o b a b i l i t i e s  f o r  
m a t c h e d - f i l t e r  communication sys tems employing Gauss ian  f ad ing  
channe l s  by u s i n g  t h e  t e c h n i q u e s  of Bello and Nel in .  These 
c a l c u l a t i o n s  v e r i f y  t h a t :  
1. For v e r y  l o w  data ra tes ,  t h e  system pcrform- 
ance approaches t h a t  of a f l a t  Rayleigh fad-  
i ng  system. 
2 .  An i r r e d u c i b l e  error p r o b a b i l i t y  e x i s t s  i n  
such  sys tems i n  the sense t h a t  t h e  error 
p r o b a b i l i t y  canno t  be reduced by i n c r e a s i n g  
t h e  ave rage  SNR. 
3. The i r r e d u c i b l e  error p r o b a b i l i t y  always 
d e c r e a s e s  as dZ f o r  small v a l u e s  of d .  
Comparisons made between t h e  t h r e e  cases i n v e s t i g a t e d  show 
t h a t :  
1. A band l imi t ed  or  compact s i g n a l  spectrum 
shou ld  be p r e f e r a b l e  t o  one whose spec t rum is  
" s p r e a d  out ' '  when us ing  a r a n d m  channe l  com- 
munica t ion  system n e a r  i t s  i r r e d u c i b l e  error 
p r o b a b i l i t y .  
2 .  The system's performance is  n o t  as s e n s i t i v e  
to t h e  shape  of  t h e  channe l  f requency  correla- 
tion f u n c t i o n  as  i t  is t o  t h e  shape  of t h e  
t r a n s m i t t e d  s i g n a l .  
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The r e s u l t s  of t h i s  c h a p t e r  gives us some i n s i g h t  i n t o  
the nature of t h e  performance of some random channe l  communi- 
cation systems.  In t h e  next c h a p t e r ,  a t e c h n i q u e  for approx- 
imat ing t h e s e  error p r o b a b i l i t i e s  w i l l  be examined. With t h e  
r e s u l t s  of t h i s  c h a p t e r ,  it w i l l  be p o s s i b l e  t o  make a quan- 
t i t a t i v e  comparison between t h e  approximate  and exact system 
error rates. Furthermore,  we w i l l  u s e  t h e s e  r e s u l t s  i n  
Chap te r  IV t o  check t h e  computer s i m u l a t i o n  program for selec- 
t i v e  f a d i n g  communication systems which was developed for t h i s  
work. F i n a l l y ,  i n  Chapter  V the error rates found h e r e i n  w i l l  
be compared w i t h  t h e  performance of a proposed a d a p t i v e  scheme 
to r educe  t h e  e f f e c t s  of d i s t o r t i o n  and in t e r symbol  i n t e r f e r -  
ence clue t o  f requency  selective f a d i n g .  
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CHAPTER 111: THE SUNDE APPROXIMATION TO ERROR PROBABILITY 
3.1 I n t r o d u c t i o n  
I n  t h i s  c h a p t e r ,  w e  review a method of  approximating t h e  
error p r o b a b i l i t y  of a communication system s u b j e c t  t o  fre- 
quency s e l e c t i v e  f ad ing .  T h i s  method was f i r s t  employed by 
Sunde ( 6 1 ,  and i n v o l v e s  t h e  approximation of t h e  c h a n n e l ' s  
phase response f u n c t i o n  by a t r u n c a t e d  T a y l o r ' s  series. A f t e r  
a b r i e f  e x p l a n a t i o n  of t h e  approximat ion ,  it i s  a p p l i e d  t o  t h e  
s p e c i f i c  examples which were i n v e s t i g a t e d  i n  Chapter  11, 
namely the G-F channe l  w i t h  square p u l s e  s i g n a l i n g ,  t h e  S-F 
channe l  w i t h  squa re  p u l s e  s i g n a l i n g ,  and t h e  S-F channel  w i t h  
r a i s e d  c o s i n e  s i g n a l i n g .  For t h e s e  t h r e e  cases, t h e  i r r e d u c -  
i b l e  p r o b a b i l i t y  of error as computed from t h e  Sunde approxi -  
mat ion  and t h e  i r r e d u c i b l e  error p r o b a b i l i t y  as computed i n  
Chapter  I1 a r e  compared. I t  i s  shown t h a t  t h e  Sunde expres-  
s i o n  compares poor ly  t o  t h e  exact  r e s u l t s  i n  s e v e r a l  respects, 
and t h a t  it does n o t  p rov ide  a good estimate of t h e  error 
p r o b a b i l i t y  when t h e  frequency s e l e c t i v e  f a d i n g  is  of impor- 
t a n c e  . 
3.2 The Sunde Approximation Method 
The Sunde approximation t o  error p r o b a b i l i t y  is  based on 
cons ide r ing  t h e  channel  f i l t e r  effects  on a t r a n s m i t t e d  s i g n a l  
as be ing  d i v i d e d  i n t o  t w o  p a r t s  - t h o s e  due t o  t h e  ampl i tude  
and  phase r e sponse  f u n c t i o n s  r e s p e c t i v e l y .  
these are d e f i n e d  by 
Mathemat ica l ly ,  
or 
H e r e  M ( f )  i s  t h e  ampl i tude  response  f u n c t i o n  and G ( f )  i s  the  
phase re sponse  f u n c t i o n  associated w i t h  € i ( f ) .  We n o t e  t h a t  
s i n c e  H ( f )  i s  a sample f u n c t i o n  from a complex random p r o c e s s ,  
M ( f )  and G ( f )  are sample f u n c t i o n s  from real  random p r o c e s s e s .  
T h e r e f o r e ,  t h e y  have associated d e n s i t y  f u n c t i o n s ,  correlatim 
f u n c t i o n s ,  etc.  Sunde assumes t h a t  w e  can  w r i t e  T a y l o r ' s  
series expans ions  f o r  M ( f )  and G ( f )  as fo l lows:  
where 
I m - - di M ( f )  df' 
If = 0 
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Now for values of f near t o  zero,' it s h o u l d  be permissible 
t o  t r u n c a t e  t h e s e  series and w r i t e  
Here w e  have r e t a i n e d  i n  each series t h e  f i r s t  t e rm which can  
be related t o  d i s t o r t i o n  i n t r o d u c e d  on t h e  t r a n s m i t t e d  s i g n a l .  
Tha t  is, w e  r e t a i n  t h e  term i n v o l v i n g  m l  s i n c e  an  ampl i tude  
response  f u n c t i o n  which var ies  l i n e a r l y  w i t h  f requency  w i l l  
i n t r o d u c e  d i s t o r t i o n  i n  a p u l s e  t r a n s m i t t e d  th rough  t h e  
system. I n  the phase r e sponse  f u n c t i o n  t h e  term i n v o l v i n g  g1 
i n t r o d u c e s  a d e l a y  i n t o  t h e  r e c e i v e d  p u l s e  b u t  does n o t  d i s -  
t o r t  the shape  of t h e  received waveform. However, t h e  quad- 
ratic f u n c t i o n  i n  f ,  t h e  series tern i n v o l v i n g  9 2 ,  does result 
i n  d i s t o r t i o n  o f  t h e  t r a n s m i t t e d  p u l s e ,  so t h i s  term is 
r e t a i n e d  i n  t h e  approximat ion .  D i s t o r t i o n  caused  by a quad- 
r a t i c  phase r e sponse  f u n c t i o n  i s  called l i n e a r  d e l a y  dis tor-  
t i o n ,  s i n c e  t h i s  co r re sponds  t o  a n  envelope  d e l a y  f u n c t i o n  
which v a r i e s  l i n e a r l y  w i t h  f requency .  W e  w i l l  t h e r e f o r e  ca l l  
t h e  T a y l o r ' s  series term i n v o l v i n g  g2 the l i n e a r  d e l a y  d i s -  
t o r t i o n  term. 
Because H ( f )  has been assumed t o  be a sample f u n c t i o n  
from a Gaussian random p r o c e s s ,  t h e  p r o b a b i l i t y  d i s t r i b u t i o n s  
associated w i t h  t h e  random variables  m1 and g 2  can  be deter- 
mined. Based on these s t a t i s t i c s  and a s t u d y  of t h e  e f f e c t s  
'Here t h e  tern " n e a r  to" implies t h a t  f is  s m a l l  w i t h  
respect to the  coherence  bandwidth o f  t h e  channel .  
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of t h e  values of m l  and g2 on raised c o s i n e  p u l s e  d i s to r t ion ,  
Sunde ( 6  
t u d e  d i s t o r t i o n  ( i . e . , t h e  value of m l )  were n e g l i g i b l e  when 
compared t o  t h e  effects  of l inear  d e l a y  d i s t o r t i o n  ( t h e  v a l u e  
o f  g 2 ) .  An exper iment  which w i l l  be described i n  S e c t i o n  4 . 4  
o f  t h i s  report h a s  demonstrated t h e  v a l i d i t y  of t h i s  conclu-  
s i o n .  Thus,  assuming t h e  term i n v o l v i n g  g ,  has  n e g l i g i b l e  
e f f e c t  on the  sys tem,  w e  should  be able t o  s t u d y  t h e  behav io r  
of a small-bandwidth sys tem by s t u d y i n g  t h e  p r o p e r t i e s  of t h e  
l i n e a r  d e l a y  d i s t o r t i o n  parameter  associated w i t h  the random 
c h a n n e l  f i l t e r .  S p e c i f i c a l l y ,  w e  can  a t t e m p t  to  f i n d  a v a l u e  
of g ,  8 s a y  ijz, w i t h  t h e  p rope r ty  t h a t  f o r  1g2 I,g2 p u l s e  d i s -  
t o r t i o n  w i l l  be so bad t h a t  some d e t e c t i o n  errors w i l l  r e s u l t  
even i n  t h e  absence  of n o i s e .  
d i s t r i b u t i o n  f u n c t i o n  of g, a v a i l a b l e ,  w e  can t h e n  associate 
t h e  c h a n n e l ' s  e f f e c t s  on t h e  error rate of t h e  system w i t h  
t h e  f u n c t i o n  P r [  Ig, I >i21. 
conce rn ing  t h e  p o l a r i t y  combinat ions of t h e  a d j a c e n t  b i t s ,  
Sunde ( 6 ,  page 179) concluded t h a t  t h e  error p r o b a b i l i t y  is 
when 19, I > G 2 .  
b i l i t y  of error i n  t h e  absence of n o i s e  i s  
page 1 7 4 )  concluded  t h a t  t h e  e f f e c t s  o f  l inear  ampli- 
With G 2  s p e c i f i e d  and w i t h  t h e -  
I n  p a r t i c u l a r ,  u s i n g  an  argument 
1 
Thus, t h e  approximation t o  t h e  system proba- 
In order t o  take i n t o  acocunt  t h e  e f f e c t  o f  addi t ive n o i s e  i n  
t h e  sys tem,  Sunde assumed t h a t  f o r  s m a l l  error p r o b a b i l i t i e s  
( t h a t  is, small Pei and h igh  average SBIR), one caa w r i t e  
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where Pef is the flat-fading error probability which is 
dependent only on the average signal-to-additive-noise ratio 
, being the irreducible error probability, is only a r .  pe 
function of the relative data rate d. It can be seen that 
this experession does possess two properties which we know 
i 
that all such expressions must have. These are 
1. 
2 .  lim = Pef(r). d+O 'e 
Sunde ( 6 ,  page 164) found that for small probabilities, 
the required probability function of g2 is given by 1 
where io is the rms delay spread defined by Equation (2-33). 
This approximation is valid for values of G2 which are greater 
than 100n2rO2 , that is, when the probability is below .03. 
It should be noted that as the signaling bandwidth 
changes in the transmission system, the value of g2 changes 
proportionally. This is associated with the fact that g2 is 
the coefficient of the term in (3-2) which produces a delay 
'Identify ~ , ~ / 4  with b,/b, in Sunde's Equation ( 4 5 ) .  
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f u n c t i o n  which varies l i n e a r l y  w i t h  frequency.  Because of 
t h i s ,  i f  a f i l t e r  has  a c o n s t a n t  value of g2 and t h e  band- 
wid th  of t h e  s i g n a l  pas s ing  through t h e  filter is doubled, 
t h e n  t h e  d e l a y  undergone.by s i g n a l  spectrum components a t  
t h e  edge of t h e  s i g n a l i n g  band w i l l  be  doubled. I t  can be 
shown t h a t  t h i s  changing of t h e  d e l a y  undergone a t  each  p o i n t  
o f  t h e  s i g n a l  spectrum, changes t h e  shape  of t h e  r ece ived  
p u l s e .  
wid th .  
which has  t h e  advantage t h a t  t h e  p u l s e  shape  remains inva r -  
i a n t  as t h e  s i g n a l  bandwidth is changed. T h i s  parameter ,  L, 
is d e f i n e d  by 
Thus g2 varies w i t h  changes i n  t h e  s i g n a l i n g  band- 
However, g2  can be r e l a t e d  t o  a normalized parameter  
where D is  t h e  f i l t e r  delay a t  t h e  edge of  t h e  s i g n a l  t r a n s -  
mis s ion  band and Tb i s  t h e  baud l e n g t h  a s s o c i a t e d  w i t h  t h e  
s i g n a l i n g  p u l s e .  g z  can be r e l a t e d  t o  L as fo l lows:  
g2 
2nTbZL /, (3-9) 
The p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  associated w i t h  L can 
be e a s i l y  determined from t h a t  of g by t h e  use of t h i s  equa- 
t i o n .  Thus f o r  i>50nro2/Tb2, w e  have 
(3-10) 
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I n  order t o  write the approximate  error p r o b a b i l i t y  func-  
2 t i o n  i n  terms of the re la t ive  data rate,  t h e  value of K~ 
must be e v a l u a t e d  for  e a c h  of t h e  channe l  m o d e l s  be ing  inves -  
t iga ted .  
for t h e  G-F channe l  
From t h e  work of s e c t i o n  2.5 ,  it c a n  be s e e n  t h a t  
2 s  8 
‘ 0  d B C 2  
w h i l e  for t h e  S-F channe l  
S u b s t i t u t i n g .  these v a l u e s  of T~~ i n t o  (3-10) and r e c a l l i n g  
and d2 = Tm/Tb, the complete  approximate error 1 t h a t  d ,  = - 
TbBc 
probabi l i ty  can  now be w r i t t e n  as 
for t h e  G-F c h a n n e l ,  and 
(3-12) 
2 
[l + l n ( 1  + p e ( r , d 2 )  = z ( l  + r  
for t h e  S-F channe l .  I n  t h e  fo l lowing  s e c t i o n ,  t h e  choice of 
a J a l u e  of i i s  d i s c u s s e d  and Equa t ions  (3-11) and (3-12) are 
compared w i t h  the  e x a c t  e x p r e s s i o n s  of Chapter 11. 
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3.3 The Sunde Error Probability Approximation for DPSK 
In order to determine precisely the value of required 
for Equations (3-11) and (3-12), and also to investigate the 
validity of some of the assumptions made in the development 
of the Sunde approximation, a computer simulation program of 
an idealized communication system was developed. The system 
simulated is identical to the one we have been concerned with 
in this work (see Figure 3) except that the channel filter is 
replaced by a time-invariant filter which exhibits only lin- 
ear delay distortion. That is, the channel transfer function 
is given by 
where L is the normalized linear delay distortion parameter 
defined above. We still allow additive white Gaussian noise 
to remain, so there are now two constants which completely 
specify the channel - the normalized linear delay distortion 
parameter L and the additive noise spectral density No. The 
digital computer program was used to determine the system 
probability of error as a function of the t w o  system parame- 
ters L and r, the average SNR. The program was written to 
take into account any intersymbol interference contributed 
from pulses up to two bauds removed from the pulses being 
detected [i.e., all possible combinations of the six-element 
modulation sequence S' = (b-2, b-l, bo, b,, b,, b3) were 
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c o n s i d e r e d ] ,  Details o f  t h e  Computer program are g i v e n  i n  
Appendix D. 
The r e s u l t s  of t h e  computer c a l c u l a t i o n s  are shown i n  
F igures11 ,  1 2 ,  and 13. F i g u r e s  11 and 1 2  show r e s u l t s  fo r  the 
raised c o s i n e  spectrum, w h i l e  F i g u r e  13  i s  f o r  t h e  s q u a r e  
p u l s e  s i g n a l i n g  case. The same r e s u l t s  are shown i n  both 
F i g u r e s  11 and 1 2 ,  b u t  they  are plot ted i n  d i f f e r e n t  forms. 
I n  F igu re  11, c u r v e s  are g i v e n  f o r  error p r o b a b i l i t y  v e r s u s  
SNR w i t h  t h e  normal ized  l i n e a r  d e l a y  d i s t o r t i o n  pa rame te r  L 
being he ld  c o n s t a n t .  F i g u r e  1 2  shows t h e  error p r o b a b i l i t y  
for t h e  same sys tem,  b u t  p l o t t e d  v e r s u s  L f o r  f i x e d  v a l u e s  o f  
t h e  average  SNR. Figure  13 shows t h e  r e s u l t s  f o r  t h e  s q u a r e  
pulse signal p l o t t e d  i n  t h e  same manner as F i g u r e  12. 
S e v e r a l  i n t e r e s t i n g  f a c t s  can  be s e e n  from t h e s e  g raphs .  
I n  F igure  11, t h e  cu rve  l a b e l e d  L = 0 is t h e  well-known expo- 
n e n t i a l  curve  of error p r o b a b i l i t y  for a DPSK system i n  a d d i -  
t i v e  w h i t e  n o i s e  (no  f a d i n g ) .  T o  t h e  r i g h t  of t h i s  are c u r v e s  
i n d i c a t i n g  the d e g r a d a t i o n  r e s u l t i n g  from a d d i t i o n  o f  v a r i o u s  
amounts of l i n e a r  d e l a y  d i s t o r t i o n .  For example, w e  can  
de te rmine  t h e  p e n a l t y  i n  i n c r e a s e d  SNR r e q u i r e d  t o  m a i n t a i n  a 
g i v e n  error p r o b a b i l i t y  by drawing a h o r i z o n t a l  l i n e  corre- 
sponding t o  t h e  desired Pe on t h i s  graph .  
of t h i s  l i n e  w i t h  t h e  c u r v e s  shown w i l l  i n d i c a t e  t h e  SNR's 
r e q u i r e d  t o  m a i n t a i n  t h e  d e s i r e d  Pe for v a r i o u s  amounts o f  
l i n e a r  de l ay  d i s t o r t i o n .  These c u r v e s  show t h a t  d e g r a d a t i o n  
due to l i n e a r  d e l a y  d i s t o r t i o n  does n o t  occur  uni formly .  
Almost no d e g r a d a t i o n  o c c u r s  from 1; = 0 to L = 1, w h i l e  over 
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lOdb of SNR'degradation o c c u r s  from L - 2 to L = 3 for most 
p r a c t i c a l  error rates. 
occurs for  error rates below - 0 3  when L is increased fram 3 
t o  3 - 4 .  T h i s  shows t h a t  p u l s e  d i s t o r t i o n  is so s e v e r e  at L * 
3.4 t h a t  an i r r e d u c i b l e  error p r o b a b i l i t y  r e s u l t s .  The cu rve  
of L = 3.4 also p o i n t s  out t h e  i n t e r e s t i n g  f a c t  t h a t  fo r  some 
s e v e r e l y  d i s t o r t e d  p u l s e s ,  t h e  error p r o b a b i l i t y  is a c t u a l l y  
lower for c e r t a i n  f i n i t e  SNR's t h a n  it is a t  r = -. The rea- 
son f o r  t h i s  can be seen  by r e a l i z i n g  t h a t  if an  i r r e d u c i b l e  
error p r o b a b i l i t y  e x i s t s ,  t h e n  some p u l s e  combinat ions w i l l  
c ause  t h e  detector sampler t o  sample a v o l t a g e  of t h e  wrong 
p o l a r i t y  even when no n o i s e  is p r e s e n t .  
of n o i s e  are i n s e r t e d  i n t o  t h e  s y s t e m . i n  such  a case, t h e  
p r o b a b i l i t y  of the sampled v o l t a g e  c r o s s i n g  ove r  t o  t h e  cor- 
rect p o l a r i t y  i n c r e a s e s .  Thus t h e  c o n d i t i o n a l  error p r o b a b i l -  
i t y  can be smaller for some f i n i t e  SNR's t h a n  it i s  f o r  r = Q. 
We also see t h a t  i n f i n i t e  degradatim 
When moderate amounts 
I n  F i g u r e s  1 2  and 13, w e  n o t e  a very  impor t an t  p r o p e r t y  
of o u r  l i n e a r  d e l a y  d i s t o r t i o n  system. T h i s  i s  t h e  fac t  t h a t  
there is a much h i g h e r  rate of d e g r a d a t i o n  for high  SNR's t h a n  
for  low SNR's. For example, for an SNR of 30 db, t h e  error 
p r o b a b i l i t y  rises from about  3 lom5 t o  above 0 . 1  f o r  an 
i n c r e a s e  of L f r o m  3 t o  3.8, w h i l e  a t  an  SNR of 1 0  db, an 
e q u i v a l e n t  rise i n  error p r o b a b i l i t y  o c c u r s  from L = 0 t o  L - 
3.2. The extreme of t h i s  behavior  i s  e v i d e n t  f o r  t h e  i n f i n i t e  
SNR case, where an almost " ins t an taneous"  jump from z e r o  error 
p r o b a b i l i t y  to Pe = .1875 occur s  a t  abou t  L = 4 -  
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It should  be p o i n t e d  o u t  t h a t  a l though  the g r a p h i c a l  
r e o u l t s  of Figure8  11-13 are being used here as p a r t  of a 
s t u d y  of the Sunde approximation,  t h e y  may w e l l  have impor tan t  
p r a c t i c a l  a p p l i c a t i o n s  i n  themselves.  For i n s t a n c e ,  t he  
d e s i g n e r  of a communication s y s t e m  employing a t i m e - i n v a r i a n t  
channe l  ( such  as a t e l ephone  l i n e  or t r a n s m i s s i o n  cable) 
whose response  f u n c t i o n  can be approximated by t h a t  of a pu re  
l i n e a r  d e l a y  d i s t o r t i o n  f i l t e r  cou ld  use  these graphs t o  es t i -  
mate t h e  error p r o b a b i l i t y  for h i s  system as a f u n c t i o n  of 
data rate and average  SNR. Such in fo rma t ion  could ,  for  exam- 
p l e ,  be of u s e  i n  s p e c i f y i n g  the  accuracy t o  which d e l a y  dis-  
t o r t i o n  e q u a l i z e r s  must be a d j u s t e d  i n  such  systems t o  guar-  
a n t e e  desired l e v e l s  of performance. Also, these g r a p h i c a l  
r e s u l t s  can be extended to  other s i g n a l s  and other channel  
e 
f i l ters  w i t h  o n l y  minor m o d i f i c a t i o n s  t o  the  computer program 
used for these r e s u l t s  (see Appendix D) . 
Fram t h e  above r e s u l t s  we can immediately n o t e  t w o  fac t s  
relative t o  t h e  assumptions involved  i n  t h e  development of the  
Sunde approximation.  F i r s t ,  w e  see t h a t  t h e  assumption t h a t  
an  i e x i s t s  for which 1LI.i r e s u l t s  i n  a very  h igh  error prob- 
a b i l i t y  and for which ILI <c r e s u l t s  i n  an ex t remely  l o w  prob- 
a b i l i t y  1s indeed  v a l i d .  For both t h e  raised c o s i n e  and 
s q u a r e  p u l s e  s i g n a l i n g  cases, w e  see t h a t  Pe = .1875 for L > 4  
whi le  Pe Thus it appears t h a t  w e  can  reason-  
a b l y  set = 4 for both s igna ls .  Second, w e  see t h a t  Sunde 's  
assumption t h a t  Pei = .25 given  I Ll >c is  somewhat i n a c c u r a t e .  
As mentioned above, w e  f i n d  a v a l u e  of Pei = -1875 for  ILI>i. 
i 
i - 0 for L<3.4. 
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For s i m p l i c i t y  i n  c a l c u l a t i o n ,  and t o  t a k e  i n t o  account a pos4 
s i b l e  i n c r e a s e  in Pei due t o  i n c l u s i o n  of intersymbol i n t e r -  
f e r e n c e  beyond t w o  bauds away from t he  d e t e c t i o n  i n t e r v a l ,  we 
w i l l  a s s i g n  a v a l u e  of pei = .2  for  1~1.i. 
S u b s t i t u t i n g  t h e  v a l u e  = 4 and changing t h e  c o n d i t i o n a l  
i v a l u e  of Pe from .25 t o  .2 i n  Equat ions  (3-11) and (3-12),  
w e  o b t a i n  
.4d, 
(1 + l n ( 1  + - 1 1  1 
P e ( r , d l )  = 2(1  + r) +2.2 
for  t h e  G-F channel ,  and 
) I  + 12 (1 + l n ( 1  + -1 + r) 2 d* P e ( r , d , )  = 2(1 
=d2 
(3-13) 
(3-14)  
f o r  t he  S-F channel .  S i n c e  i was found t o  be 4 for both the  
s q u a r e  pu l se  and raised c o s i n e  s i g n a l s ,  these e x p r e s s i o n s  
app ly  t o  both cases. 
F igure  1 4  shows a comparison of the  e x a c t  and approximate 
i r r e d u c i b l e  error probabi l i t i es  which w e  have found. Three 
curves of e x a c t  Pei are shown for t h e  three cases i n v e s t i g a t e d  
i n  Chapter 11. Two curves  are shown for t h e  approximate irre- 
d u c i b l e  e r r o r  p robabi l i t i es  - t h e  second terms of (3-13) and 
( 3 - 1 4 ) .  
fo r  t h e  two d i f f e r e n t  channe l  models has been used i n  t h i s  
g raph ,  as was done for  the  g raphs  of S e c t i o n  2.5.  
The norma l i za t ion  d2 - .7d, between the data rates 
Three impor tan t  facts can be no ted  from these p l o t s .  
F i r s t ,  the Sunde approximation gives h i g h e r  error probabi l i t ies  
1 
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t h a n  t h e  e x a c t  r e s u l t s .  Approximately one-ha l f  t o  one  order 
of magnitude d i f f e r e n c e  e x i s t s  between t h e  exact r e s u l t s  and  
t h e  approximation for t h e  r a n g e s  of d c o n s i d e r e d .  
t h e  approximation f a i l s  t o  p r o v i d e  i n d i c a t i o n  of. t h e  re la t ivd  
d i f f e r e n c e  i n  error p r o b a b i l i t y  which w a s  found f o r  t h e  t w o  
s i g n a l s  i n v e s t i g a t e d .  Tha t  i s ,  t h e  approximat ion  p r o v i d e s  no  
i n d i c a t i o n  of t h e  r e l a t ive  d i f f e r e n c e  i n  performance between 
s q u a r e  p u l s e  and raised c o s i n e  s i g n a l i n g  which was found i n  
Chap te r  11. 
Second, 
T h i r d ,  i t  can  be seen  on t h e  l e f t  side of t h e  g raph  t h a t  
t h e  l i m i t i n g  behav io r  of t h e  e x a c t  and approximate  p r o b a b i l i -  
t ies is n o t  t h e  same as d+O. As was shown i n  Chap te r  11, t h e  
e x a c t  i r r e d u c i b l e  error rate e x p r e s s i o n s  are a l l  of t h e  form 
'e i ( d )  = Kd2 for  small d. Expres s ing  this a n o t h e r  way, 
(3-15) 
where E( is a c o n s t a n t  s a t i s f y i n g  O < K < -  which  depends on t h e  
s p e c i f i c  c h a n n e l - s i g n a l  combinat ion under  c o n s i d e r a t i o n .  
t h e  approximate i r r e d u c i b l e  error ra te ,  which w e  w i l l  w r i t e  a s  
Pei ,  i t  can  be shown t h a t  
For  
(3-16) 
T h i s  means t h a t  i f  t h e  r e l a t i v e  error between t h e  approxima- 
t i o n  and t h e  exact r e s u l t s  is  d e f i n e d  as  
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t h e n  t h i s  error becomes i n f i n i t e  a s  d+O f o r  a l l  t h e  cases 
i n v e s t i g a t e d .  
3 . 4  Summary and Comments 
The Sunde error r a t e  approximation has been shown t o  
p o s s e s s  t h e  basic p r o p e r t i e s  which w e  would e x p e c t  of such  an  
e x p r e s s i o n .  S p e c i f i c a l l y ,  f o r  smal l  d t h e  approximate expres-  
s i o n  approaches  t h e  c o n s t a n t  f l a t  f a d i n g  p r o b a b i l i t y  w h i l e  a n  
i r r educ ib l e  error p r o b a b i l i t y  is accounted  for as  t h e  rela- 
t i v e  data rate i n c r e a s e s ,  The r e s u l t s  of t h i s  c h a p t e r  also 
show t h a t  f o r  error rates o f  p r a c t i c a l  i n t e r e s t ,  t h e  Sunde 
e x p r e s s i o n  f o r  t h e  i r r e d u c i b l e  error p r o b a b i l i t y  is w i t h i n  a n  
order of magnitude of t h e  e x a c t  va lue .  However, i t  w a s  found 
t h a t  t h e  approximation does  n o t  re f lec t  t h e  d i f f e r e n c e  i n  pe r -  
formance which was n o t e d  for  d i f f e r e n t  s i g n a l i n g  p u l s e  shapes .  
Also, i t  was found t h a t  t h e  r e l a t i v e  error between t h e  Sunde 
approximat ion  and t h e  e x a c t  r e s u l t s  w i l l  become i n f i n i t e  as 
d + O  fo r  a l l  cases i n v e s t i g a t e d .  
The f ac t  t h a t  t h e  Sunde approximat ion  f o r  i r r e d u c i b l e  
error p r o b a b i l i t y  does n o t  possess t h e  same l i m i t i n g  form for  
v e r y  small s i g n a l i n g  bandwidths as  do t h e  e x a c t  r e s u l t s  i s  a 
p a r t i c u l a r l y  d i s t u r b i n g  result. T h i s  is because much of  t h e  
development of t h e  approximation was based on t h e  u s e  of a 
truncated T a y l o r ' s  series expres s ion  f o r  t h e  phase  r e sponse  
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f u n c t i o n ,  t h e  j u s t i f i c a t i o n  f o r  t h i s  b e i n g  t h a t  such  a n  approx- 
i m a t i o n  becomes i n c r e a s i n g l y  b e t t e r  as the bandwidth o f  inter- 
est becomes smaller. I n  s p i t e  of t h i s ,  we f i n d  t h a t  t h e  
error p r o b a b i l i t y  based  on t h i s  e x p r e s s i o n  becomes a worse 
approximation to  t h e  e x a c t  p r o b a b i l i t y  as t h e  bandwidth dimin-  
i s h e s .  The answer t o  t h i s  a p p a r e n t  dilemma l ies  i n  t h e  fact  
t h a t  t h e  phase r e sponse  f u n c t i o n ,  G ( f ) ,  o f  t h e  random c h a n n e l  
f i l t e r ,  when c o n s i d e r e d  a s  a sample f u n c t i o n  from a random 
p r o c e s s ,  c a n n o t  be r e p r e s e n t e d  i n  a mean square s e n s e  by a 
T a y l o r ' s  series expans ion .  We are l e d  t o  t h i s  c o n c l u s i o n  from 
t h e  f a c t  t h a t  t h e  random v a r i a b l e  g, of  Equat ion  (3-2) does 
n o t  posses s  a f i n i t e  var iance . '  T h i s  i m p l i e s  t h a t  t h e  au to -  
c o r r e l a t i o n  f u n c t i o n  of g 2  canno t  be  a n a l y t i c ,  and from t h i s  
it fo l lows  t h a t  a mean s q u a r e  conve rgen t  T a y l o r ' s  series f o r  
G ( f )  does n o t  e x i s t  ( 2 6 ) .  Furthermore,  t h e  l a c k  of a f i n i t e  
v a r i a n c e  for g, means t h a t  a random p r o c e s s ,  g , ( f ) ,  which w e  
c a l l  t h e  second d e r i v a t i v e  of G ( f )  does n q t  e x i s t .  T h e r e f o r e  
t h e r e  i s  no a s s u r a n c e  t h a t  Equat ion  ( 3 - 4 )  w i l l  b e c m e  a good 
approximation t o  G ( f )  even f o r  v e r y  small bandwidths.  T h i s  
'This  f o l l o w s  from n o t i n g  t h a t  for  9; .  0 ,  t h e  p r o b a b i l i t y  
d e n s i t y  f u n c t i o n  of g, (which i s  symmetric) i s  g i v e n  by 
1 
1 = -  
A f t e r  i n s e r t i n g  (3-7) i n t o  t h i s  e x p r e s s i o n ,  it i s  found t h a t  
p ( g i )  does n o t  d e c r e a s e  as f a s t  as (g;)', f o r  g;-, and t h u s  
g,2 does n o t  e x i s t .  
- 
7 3  
l a c k  of an adequa te  r e p r e s e n t a t i o n  for t h e  phase  r e sponse  
func t ion  is  probably  t h e  major cause fo r  t h e  d i s c r e p a n c i e s  
between the exact r e s u l t s  we have found and t h e  approxima- 
t i o n s .  
I t  shou ld  a lso be n o t e d  t h a t  t h e  assumpt ions  r e q u i r e d  t o  
d e v e l o p  t h e  Sunde approximation d i f f e r  somewhat from t h e  
assumpt ions  which w e  have made f o r  t h e  system under  i n v e s t i g a -  
t i o n  i n  t h i s  work. T h i s  r e f e r s  t o  Sunde ' s  assumption that the 
p u r e  delay term i n  Equat ion  (3-4) w i l l  have no e f f e c t  on t h e  
performance of t h e  r e c e i v i n g  system. The d e l a y  term i n  
Equa t ion  (3 -4 )  is  t h e  small  change i n  d e l a y  which o c c u r s  due 
t o  t h e  random f l u c t u a t i o n s  i n  t h e  channe l  f i l t e r .  I n  a phys- 
i c a l  communication system, i t  r e p r e s e n t s  t h e  s m a l l  random 
d e l a y  which t h e  f l u c t u a t i o n s  i n  t h e  medium superimpose on t h e  
c o n s t a n t  p ropaga t ion  d e l a y  of the channel .  I n  t h e  system 
which w e  have ana lyzed ,  it was assumed that the z m s t a n t  Ever- 
age p ropaga t ion  d e l a y  w a s  known and t h a t  t h e  d e t e c t o r  system 
employs a sampler  which has been a d j u s t e d  t o  t a k e  t h i s  d e l a y  
i n t o  account .  However, any a d d i t i o n a l  random d e l a y s  i n t r o -  
duced by t h e  channel  f i l t e r  i n  o u r  model (see F i g u r e  3) are 
n o t  known and are t h e r e f o r e  n o t  t aken  i n t o  accoun t  i n  t h e  
d e t e c t o r  des ign .  T h i s  means t h a t  t h e  a d d i t i o n a l  random 
d e l a y s  can  p o s s i b l y  degrade  the  system performance. 
I n  Sunde ' s  model, t h e  a n a l y s e s  of t h e  s i g n a l  d i s t o r t i o n  
p r o p e r t i e s  ( such  as t h o s e  r e s u l t i n g  i n  F i g u r e s  11, 12, and 1 3  
of t h i s  c h a p t e r )  have assumed idea l  sampling of t h e  r e c e i v e d  
signal at all times. 
delay is assumed to take place. 
This means that no degradation due to 
It can be seen that this assumption correctly models 
only those communication systems in which a scheme has been 
implemented for adaptively changing the detector syncroniza- 
tion in order to counteract the random delay changes. There 
are some systems in existence in which such schemes have been 
implemented, e.g., systems with "syncronizers'* to extract tim- 
ing information from the low-pass data signal itself. In 
other systems, e.g., systems where timing information is 
obtained from a separate channel of an FDM system or where the 
integration time in the receiver syncronization system is very 
long compared to the channel's "coherence time," the assump- 
tion of perfect bit syncronization may not be valid. Because 
of this, we might feel that the Sunde error rate approxima- 
tion would be better suited to systems with perfect adaptive 
syncronization. This appears dispelled by the fact that in 
Figure 14 the approximation gives consistently high approxi- 
mations to the error probability especially for small d. We 
intuitively feel that a system with perfect adaptive syncron.* 
ization should perform no worse than the same system without 
such a feature at all SNR's. Thus it appears that the Sunde 
approximation would not be valid for this case either. We 
therefore conclude in this case also that the inability of 
the channel phase response function to be adequately repre- 
sented on the basis of point measurements (the derivativedl 
has made the Sunde approximation invalid. Thus, on the bQBiP 
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of t h e  r e s u l t s  of t h i s  chapter,  we are forced to conclude 
that a t  least  for the  DPSK case, the  Sunde error r a t e  approxr 
imation does n o t  provide a good es t imate  of the  error prob- 
a b i l i t y  when the frequency s e l e c t i v e  fading i s  of importance. 
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CHAPTER IV: EXPERIMENTAL RESULTS FOR NONADAPTIVE 
SELECTIVE FADING SYSTEMS 
4 . 1  I n t r o d u c t i o n  
I n  Chapter  V w e  w i l l  i n v e s t i g a t e  t h e  performance of a 
r e c e i v e r  which a t t e m p t s  t o  a d a p t i v e l y  correct f o r  t h e  effects 
of phase d i s t o r t i o n  caused by a s e l e c t i v e l y  f ad ing  communica- 
t i o n  channel.  S i n c e  the  mathematical a n a l y s i s  of t h i s  system 
is i n t r a c t a b l e ,  i t s  performance w a s  i n v e s t i g a t e d  by d i g i t a l  
computer s i m u l a t i o n .  
s imula t ion  program which was developed f o r  t h i s  purpose,  some 
computer s i m u l a t i o n s  of t h e  system which was analyzed i n  
Chapter  I1 were c a r r i e d  o u t .  I n  a d d i t i o n ,  s e v e r a l  exper iments  
which i n v e s t i g a t e d  t h e  re la t ive effects of phase and ampl i tude  
d i s t o r t i o n  i n  such  a system were performed. 
cases the r e c e i v e r  s t r u c t u r e  cons ide red  was t h a t  shown i n  
F i g u r e  3 of Chapter  11. T h i s  r e c e i v e r  c o n s i s t s  of a matched 
f i l t e r ,  m u l t i p l i e r ,  low-pass f i l t e r ,  and threshold detector. 
I n  c o n t r a s t  to t h e  "adap t ive"  r e c e i v e r  of Chapter V which 
a t t e m p t s  to change i t s  c h a r a c t e r  i n  accordance w i t h  measure- 
ments made on t h e  channel ,  w e  w i l l  refer t o  t h e  r e c e i v e r  of 
Chapter  I1 as t h e  "nonadapt ive" DPSK receiver. 
I n  order t o  check t h e  o p e r a t i o n  of the  
I n  each of these 
I n  t h i s  c h a p t e r  w e  begin  w i t h  a g e n e r a l  d i s c u s s i o n  of t h 8  
computer simulation programs which were developed f o r  t h i s  
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r e s e a r c h .  Next t h e  r e s u l t s  of the  s i m u l a t i o n  of t h e  non- 
adaptive s e l e c t i v e  fading system are shown and compared w i t h -  
t h e  t h e o r e t i c a l  r e s u l t s  of Chapter  11. F i n a l l y ,  t h e  e x p e r i -  
m e n t a l  r e s u l t s  on t h e  re la t ive effects of ampl i tude  and phase  
d i s t o r t i o n  are g i v e n .  
4 . 2  The Computer S i m u l a t i o n  Programs 
The purpose  of t h e  computer s i m u l a t i o n  programs used for 
t h i s  research was t o  e v a l u a t e  t h e  error p r o b a b i l i t y  for cer- 
t a i n  special  receiver sys tems used i n  c o n j u n c t i o n  w i t h  a 
Gauss i an  f requency  s e l e c t i v e  f a d i n g  channe l .  Although t h e  
program d e s i g n  was g e n e r a l  i n  n a t u r e ,  a l l  t h e  r e s u l t s  shown 
i n  t h i s  report are fo r  t h e  case  of DPSK s i g n a l i n g  and a n  S-F 
channe l  model. The method employed t o  o b t a i n  these error 
probabi l i t ies  c o n s i s t e d  of us ing  a subprogram which computed 
t h e  ave rage  error p r o b a b i l i t y  for a g i v e n  channe l  t r a n s f e r  
f u n c t i o n  and t h e n  u s i n g  t h i s  program i n  a Monte Carlo scheme 
which g e n e r a t e d  a sequence of pseudo-random channe l  t r a n s f e r  
f u n c t i o n s  and e v a l u a t e d  t h e  ave rage  performance over t h e  
e n t i r e  set of channe l s .  Thus, f o r  each g i v e n  channe l ,  t h e  
subprogram computed a c o n d i t i o n a l  p r o b a b i l i t y  of error by 
e f f e c t i v e l y  ave rag ing  over t h e  randomness of t h e  a d d i t i v e  
n o i s e  and over t h e  possible message sequence combina t ions .  
T h i s  subprogram was t h e n  used as a p a r t  of t h e  main program 
which averaged over t h e  ensemble o f  random channe l s .  Details 
o f  t h e  o p e r a t i o n  of this subprogram are p r e s e n t e d  i n  Appendix 
D. From the s t a n d p o i n t  of the m a b  prOgram, the o p e r a t i o n  
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required was t h a t  of determing  the  sample means of an i n f i n i t e  
popu la t ion  of random variables. The selection of t h e  p a r t i c -  
u l a r  random variable is c o n t r o l l e d  by t h e  pseudo-random chan- 
n e l  gene ra t ed ,  and t h e  r e s u l t i n g  v a l u e  of P, is t h e n  one of 
t h e  independent random v a r i a b l e s  selected from t h e '  popula t ion .  
The independence of t h e  random v a r i a b l e  P, from one s e l e c t i o n  
(experiment)  t o  the n e x t  i s  i n s u r e d  by t h e  f a c t  t h a t  each new 
channe l  sample g e n e r a t e d  i s  e f f e c t i v e l y  independent  of a l l  
t h e  o t h e r  channel  samples. 
From t h e  above d i s c u s s i o n  it is  obvious  t h a t  t h e  proce- 
d u r e  required to a r r i v e  a t  an  estimate of t h e  s y s t e m  proba- 
b i l i t y  of error is  t o  compute t h e  sample mean of t h e  v a r i o u s  
c o n d i t i o n a l  error p r o b a b i l i t i e s  as they  are determined i n  the  
computer. Thus, w r i t i n g  t h e  sequence of c o n d i t i o n a l  error 
p r o b a b i l i t i e s  a8 Pn,  n = 1 , 2  ... N, w e  have a s  o u r  estimate of 
t h e  system error  p r o b a b i l i t y  
where N is t h e  number of c o n d i t i o n a l  error probabi l i t i es  gen- 
erated, i.e., t h e  number of random channel  samples i n v e s t i -  
gated. In  order t o  o b t a i n  an idea of t h e  accuracy  of t h e  
error p r o b a b i l i t y  estimate computed i n  these programs, an 
estimate of t h e  s t a n d a r d  d e v i a t i o n  of fie was also computed for  
each estimate . 
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4 . 3  CornParison of T h e o r e t i c a l  R e s u l t s  and 
Experimental  Computer Resu l t s  
I n  t h i s  s e c t i o n  t h e  results of twc ccmputer s i m u l a t i o n  
expe r imen t s  are desc r ibed .  These exper iments  bo th  involve 
s i m u l a t i o n  of communication s y s t e m s  f o r  which t h e o r e t i c a l  
a n a l y s i s  is a v a i l a b l e ,  enabl ing  t h e  results of t h e s e  e x p e r i -  
m e n t s  t o  be compared wi th  t h e  t h e o r e t i c a l  p r e d i c t i o n s .  
The f i r s t  experiment  performed was t h e  s i m u l a t i o n  of t h e  
nonadapt ive  communication system of F igu re  3 f o r  t h e  S-F 
channel  w i t h  r a i s e d  cosine s i g n a l i n g .  Thus t h e  a n a l y s i s  of  
Chapter  I1 is  a p p l i c a b l e  to  p r e d i c t  t h e  error ra te  performance 
of t h e  system. The experiment was performed fo r  t w o  d i f f e r e n t  
r e l a t i v e  d a t a  r a t e s  - .56 and .28. For d = . 5 6 ,  500  channe l  
samples  were used f o r  t h e  experiment  wh i l e  1 ,500 samples were 
used for  t h e  d = - 2 8  case. Figure  15  shows t h e  t h e o r e t i c a l  
p r e d i c t i o n s  and expe r imen ta l  r e s u l t s  f o r  bo th  cases. I n t e r -  
v a l s  ex tending  one e s t i m a t e d  s t a n d a r d  d e v i a t i o n  above and 
below t h e  error p r o b a b i l i t y  e s t i m a t e  are shown i n  t h i s  g raph  
for  each expe r imen ta l  p o i n t .  For t h e  d = . 5 6  case, t h e  esti- 
mated s t a n d a r d  d e v i a t i o n  of t he  e r r o r  p r o b a b i l i t y  estimate 
ranged from 4.27% of t h e  p r o b a b i l i t y  estimate a t  t h e  7db p o i n t  
t o  11.7% a t  i n f i n i t e  S N R .  The error of t h e  estimate relat ive 
to  t h e  t h e o r e t i c a l  p r e d i c t i o n s  was about  1.5% a t  t h e  7db poin t ,  
6 . 4 5 %  a t  i n f i n i t e  S N R  p o i n t ,  and reached a maximum of 8.6% a t  
t h e  20db p o i n t .  For t h e  d = .28 c a s e ,  t h e  r a t i o  of t h e  esti- 
mated s t a n d a r d  d e v i a t i o n  t o  t h e  error p r o b a b i l i t y  estimate was 
3.489 a t  r = 7db and 21.89 f o r  i n f i n i t e  S N R .  The error of t h e  
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estimate r e l a t i v e  t o  t h e  theoretical  p r e d i c t i o n  was 3.66 at 
r - 7db, 3.488 for i n f i n i t e  SNR, and reached  a m a x i m u m  o f  
10.3% a t  t - 14.7db. 
These r e s u l t s  c l e a r l y  p o i n t  o u t  t h e  f a c t  t h a t  a s  t h e  
error p r o b a b i l i t y  be ing  estimated decreases, much l o n g e r  
expe r imen t s  are r e q u i r e d  t o  o b t a i n  good e x p e r i m e n t a l  r e s u l t s .  
I n  t h e  t w o  cases i n v e s t i g a t e d  he re ,  t h e  re la t ive error  of t h e  
e x p e r i m e n t a l  r e s u l t s  compared to  t h e  t h e o r e t i c a l  p r e d i c t i o n s  
w a s  roughly  t h e  same. The estimated s t a n d a r d  d e v i a t i o n  
e x p r e s s e d  as  a f r a c t i o n  o f  t h e  error p r o b a b i l i t y  estimate w a s  
almost t w i c e  as large for  t h e  d - .56 case as  f o r  t h e  d = . 2 8  
case. However, t o  a c h i e v e  even these r e s u l t s ,  three t i m e s  as 
many channel  samples  were r e q u i r e d  f o r  t h e  d = . 5 6  case as 
f o r  t h e  d = . 2 8  case. 
The s t a n d a r d  d e v i a t i o n  l i m i t s  shown a b o u t  t he  p r o b a b i l i t y  
estimates on t h i s  graph  can a l s o  be i n t e r p r e t e d  as c o n f i d e n c e  
i n t e r v a l s  associated w i t h  t h e  estimates.  As d i s c u s s e d  by 
Cochran ( 2 7 1 ,  it can  be assumed t h a t  t h e  ensemble of proba- 
b i l i t y  estimates possesses a n o r m a l  d i s t r i b u t i o n .  Thus, f rom 
normal p r o b a b i l i t y  tables ,  w e  c a n  de te rmine  t h a t  t h e  i n t e r -  
v a l s  drawn a b o u t  t h e  estimate p o i n t s  can  be considered t o  be 
68% c o n f i d e n c e  i n t e r v a l s .  S i m i l a r l y ,  i f  one were to  e x t e n d  
t h e  i nd ica t ed  i n t e r v a l s  by 50% i n  each d i r e c t i o n ,  8 7 %  c o n f i -  
dence  i n t e r v a l s  would r e s u l t ,  w h i l e  95% c o n f i d e n c e  i n t e r v a l s  
cor respond t o  i n t e r v a l s  ex tending  t w o  s t a n d a r d  d e v i a t i o n s  i n  
e a c h  d i r e c t i o n .  These  comments a l so  a p p l y  t o  a l l  t h e  o the r  
p l o t s  of e x p e r i m e n t a l  p o i n t s  which are g i v e n  i n  t h i s  report. 
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The second experiment to be described in this section is 
a simulation of a communication systcm subject to nonselec- ~ 
tive flat Rayleigh fading. Since this system has been ana- 
lyzed mathematically, it is again possible to compare the 
experimental error probabilities from the computer simulation 
with theoretically predicted ones. 
sented here because they will be used in the next section for 
comparison with experimentally determined error rates for two 
These r e s u l t s  are pre- 
other systems. This system was simulated on the computer by 
simply replacing the pseudo-random, frequency-dependent chan- 
nel transfer functions generated by the computer with a con- 
stant transfer function whose value was equal to t h e  va lue  of 
the original transfer function at the center frequency. Writ- 
ing Hm(f) for the new transfer function and H(f) for the orig- 
inally generated transfer function, the simulation simply 
implemented the equation 
As shown in Chapter 11, this system can be considered to  be 
the limit of our general frequency selective system for the 
special case of very small signaling bandwidths. 
Figure 16 shows a comparison of the experimental and 
I 
theoretical results for this experiment. The experimental 
points were all'obtained by using 1,000 pseudo-random channel 
samples in the simulation program. 
point8 are plotted with bars indicating the - + 1 standard 
As before the experimental 
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d e v i a t i o n  i n t e r v a l  abou t  t h e  p r o b a b i l i t y  estimate. 
e s t h a t e d  s t a n d a r d  d e v i a t i o n s  r a n g e  from 4.6% of t he  error 
p r o b a b i l i t y  estimate a t  t h e  7db p o i n t  t o  27.6% a t  t h e  20db 
p o i n t  t o  72.1% a t  t h e  30db p o i n t .  The a c t u a l  expe r imen ta l  
error relative to t h e  theoretical  error p r o b a b i l i t i e s  r anges  
from a minimum of .084% a t  the 7db p o i n t  t o  a m a x i m u m  of 36% 
a t  the  40db p o i n t .  
f i c u l t y  of a c c u r a t e l y  e s t i m a t i n g  error p robab i l i t i e s  of t h e  
order of and below as compared t o  e s t i m a t i n g  those n e a r  
l o m 2  and above. 
p o i n t s  v i r t u a l l y  a l w a y s  r e m a i n  w i t h i n  one estimated s t a n d a r d  
d e v i a t i o n  of t h e  theoretical  va lue .  I n  both  of t h e  e x p e r i -  
ments described above, t h e  e x p e r i m e n t a l l y  measured error prob- 
ab i l i t i es  and t h e  t h e o r e t i c a l l y  predicted ones  g e n e r a l l y  
agree q u i t e  w e l l .  From t h i s  w e  conclude t h a t  t h e  computer 
s i m u l a t i o n  model has c l o s e l y  approximated t h e  mathematical  
model used i n  Chapter 11. As mentioned above, these e x p e r i -  
ments provide a r e l a t i v e  accuracy  i n  t h e  error p r o b a b i l i t y  
estimate which is much better a t  h igh  average  p robab i l i t i e s  
t h a n  it is a t  l o w  ones.  
These 
T h i s  exper iment  a g a i n  p o i n t s  o u t  t h e  d i f -  
However, w e  do f i n d  t h a t  t h e  expe r imen ta l  
4 . 4  The Separate E f f e c t s  of Amplitude 
and Phase S e l e c t i v e  Fading 
I n  this s e c t i o n ,  an  exper iment  is described which w a s  
designed to i n d i c a t e  t h e  re la t ive s e v e r i t y  of ampl i tude  and 
phase  d i s t o r t i o n  i n  the  Gaussian frequency selective fad ing  
channe l s  which w e  have s t u d i e d .  One motive for c a r r y i n g  o u t  
t h i s  experiment  is t o  de termine  the  accuracy  of Sunde 's  
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for a l l  f i n  t h e  bandwidth of interest. Thiis the chmnel. 
t r a n s f e r  f u n c t i o n  used i n  the  experiment  possesses a l l  t h e  
v a r i a t i o n s  i n  magnitude t h a t  H ( f )  does, b u t  it is a piire rea?, 
f u n c t i o n .  To de te rmine  t h e  e f f ec t  of phase d i s t o r t i o n  a l o n e ,  
t h e  o r i g i n a l  channel  t r a n s f e r  f u n c t i o n  i s  replaced by a t r a n s -  
fer f u n c t i o n  w i t h  c o n s t a n t  magnitude and phase r e sponse  func- 
t i o n  e q u a l  t o  t h a t  of t h e  o r i g i n a l  t r a n s f e r  f u n c t i o n .  The 
magnitude of the  modified t r a n s f e r  f u n c t i o n  was set  e q u a l  to  
t h e  v a l u e  of t h e  magnitude of t h e  o r i g i n a l  transfer f u n c t i o n  
at t h e  c e n t e r  f requency.  Mathematically, w e  can e x p r e s s  t h i s  
o p e r a t i o n  as 
F i g u r e  1 7  shows t h e  r e s u l t  of the first  set of experiments .  
This f i g u r e  p l o t s  p r o b a b i l i t y  of error versus  SNR for  a f i x e d  
v a l u e  of r e l a t i v e  data ra te  d.  For t h i s  e x p e r h e f i t  d was 
0 .28 .  Five sets of p o i n t s  a r e  p lo t t ed  on t h i s  graph. These 
are : 
1. Theoretical F l a t  Fading 
2.  Theoretical  Selective Fading - d - .28  
3. 
4 .  Experimental  - Phase D i s t o r t i o n  Only 
5. Experimental  - F l a t  Fading 
Experimental  - Amplitude D i s t o r t i o n  Only 
The three sets of expe r imen ta l  p o i n t s  a l l  were o b t a i n e d  by 
performing t h e  r e s p e c t i v e  experiments  u s i n g  t h e  same set of 
1,000 pseudo-random channel  samples. The use  of i d e n t i c a l  
# 
I .  
i 
I 
I 
1 
I 
I 
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conjecture that phase distortion is the dominating factor in 
determining the error probability in such systems. FurtherI4 
we would like to deepen our understanding of the Gaussian 
channel by obtaining quantitative data on the relative sever- 
ity of the two types of distortion. If Sunde's conjecture is 
true, we wish to know to what extent it is true and how the 
system parameters such as relative data rate and S N R  effect 
this. In the results to follow, it will be shown that the 
Sunde conjecture is indeed true for ranges of r and d where 
intersymbol interference and distortion effects outweigh the 
effects of additive noise. This result will lead, in Chapter 
V,  to the formulation of a simple adaptive scheme which is 
capable of providing significant improvement in the operation 
of digital systems over Gaussian fading channels. 
In order to compare the relative effects of amplitude 
and phase distortion, two experiments were performed. Each 
experiment consisted of using the computer simulation scheme 
described previously with one modification. This modifica- 
tion consisted of changing the pseudo-random channel sample 
before it was used in the signal processing portion of the 
program, To determine the effect of amplitude distortion 
above, the complex-valued transfer function was simply 
replaced by its magnitude at each frequency, 
for the transfer function after modification, the program 
implemented 
Writing Hm(f) 
rets of channe l  SaOrpleS, allWS us to make aeazingful campar- 
isons between the r e s u l t s  o b t a i n e d  f o r  each  experiment .  
The f i r s t  and most impor t an t  fact that t h i s  qrap.)! = h m s  
As that  the error rates due to phase dis tor t ion are s i g n i f i -  
c a n t l y  greater t h a n  those f o r  ampli tude d i s t o r t i o n  a t  a l l  
SNR's. Indeed,  the r e s u l t s  of  t h i s  s i m u l a t i o n  i n d i c a t e  t h a t  
a n  i r r e d u c i b l e  error rate due t o  phase d i s t o r t i o n  e x i s t s  
w h i l e  no  i n d i c a t i o n  of an i r r e d u c i b l e  error rate due to  ampli- 
t u d e  s e l e c t i v e  f ad ing  w a s  found. For t h e  e n t i r e  se t  of 1,000 
channel  samples examined the  e r r o r  p r o b a b i l i t y  a t  i n f i n i t e  
s igna l - to -no i se  ratio w a s  z e r o  f o r  t h e  ampl i tude  d i s t o r t i o n  
case. It is  t h u s  appa ren t  t h a t  i f  a n  i r r e d u c i b l e  error rate 
due t o  a m p l i t u d e - s e l e c t i v e  fad ing  e x i s t s  t h i s  error rate must 
be s e v e r a l  orders of magnitude b e l o w  t h a t  due t o  phase d i s -  
t o r t i o n .  
A second f a c t  of great i npor t ance  which can  be seen  from 
t h i s  g raph  is t h a t  the  error rates due t o  ampl i tude  s e l e c t i v e  
fading are a c t u a l l y  lower than  those f o r  the i d e n t i c a l  system 
subject to f l a t  f ad ing  o n l y .  
theoretical f l a t  f ad ing  error p r o b a b i l i t y  and t h e  experimen- 
t a l l y  determined rate are shown i n  t h e  f i g u r e .  T h i s  r e s u l t  
i s  somewhat s t a r t l i n g  s i n c e  i t  i n d i c a t e s  t h a t  t he  average  
I n  order to  show t h i s ,  both the  
error r a t e  for a system which i n t r o d u c e s  frequency selective 
ampl i tude  d i s t o r t i o n  is  lower than for such  a system w i t h  no 
d i s t o r t i o n  in t roduced  a t  a l l .  A f t e r  a c a r e f u l  i n v e s t i g a t i o n  
of many i n d i v i d u a l  channe l s  w h i c h  were used i n  t h i s  e x p e r i -  
ment, it w a s  de te rmined  t h a t  t h e  r eason  f o r  t h i s  phenomenon 
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is t h a t  i n  many cases where deep f a d i n g  o c c u r s  a t  one fre- 
quency i n  t h e  t r a n s m i s s i o n  band o t h e r  f r e q u e n c i e s  in t h e  ' 
band are n o t  undergoing such  severe fading. This means t h a t  
t h e  t o t a l  energy  a v a i l a b l e  for d e t e c t i o n  is  g r e a t e r  t han  i f  
the channe l  were undergoing a deep f l a t  fade acros8 t h e  
e n t i r e  band, as i n  the case of f l a t  f ad ing .  Thus a n o t h e r  way 
of l o o k i n g  a t  t h i s  phenomenon is t h a t  w e  are t a k i n g  advantage 
of a d i v e r s i t y  effect  i n  t h e  channel .  Multi-channel d i v e r s i t y  
communication systems r e l y  on  t h e  f a c t  t h a t  t h e  p r o b a b i l i t y  
of a deep f a d e  o c c u r r i n g  s imul taneous ly  i n  s e v e r a l  f ad ing  
channe l s  i s  much lower than  t h e  p r o b a b i l i t y  of a deep fade i n  
one channel .  S i m i l a r l y ,  o u r  r e s u l t s  show t h a t  when t h e  phase 
d i s t o r t i o n  i n  t he  Gaussian frequency s e l e c t i v e  channel  is 
removed, w e  can  take advantage of t h e  same effect  i n  a s i n g l e  
t r a n s m i s s i o n  band. 
I t  is  i n t e r e s t i n g  t o  note  t h a t  t he  expe r imen ta l  p o i n t s  
fo r  t h e  pu re  ampl i tude  d i s t o r t i o n  c a s e  a l l  f a l l  on a s t r a i g h t  
l i n e  for  S N R ' s  g r e a t e r  t han  10db. The r e l a t i o n s h i p  between 
error p r o b a b i l i t y  and SNR corresponding t o  t h i s  l i n e  w a s  
found t o  be 
-1 . 463 Pea - .946r  ( 4 - 5 )  
a where w e  have w r i t t e n  Pe f o r  t h e  p r o b a b i l i t y  of error due t o  
ampl i tude  d i s t o r t i o n .  T h i s  can be compared t o  the  a sympto t i c  
f l a t  f a d i n g  r e s u l t  for l a r g e  r which is 
-1 Pe = .5 r  . (4-6) 
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The smaller exponent  for t h e  p u r e  a m p l i t u d e  d i s t o r t i o n  case 
ind ica tes  the fac t  t h a t  the error p r o b a b i l i t y  i s  f a l l i n g  fas- 
ter  a s  a f u n c t i o n  of r f o r  t h i s  case t h a n  f o r  t h e  f l a t  f a d i n g  
case. 
I n  F i g u r e  17 t h e  t h e o r e t i c a l  error p r o b a b i l i t y  f o r  t h e  
frequency selective Gauss i an  f a d i n g  channe l  ( b o t h  amplitude 
and phase d i s t o r t i o n )  is  also p l o t t e d .  Comparing t h i s  c u r v e  
w i t h  t h e  e x p e r i m e n t a l  p o i n t s  fo r  t h e  p u r e  phase d i s t o r t i o n  
channe l  shows us t h a t  t h e  i r r e d u c i b l e  error r a t e  due t o  phase  
d i s t o r t i o n  o n l y  is a c t u a l l y  h i g h e r  t h a n  t h e  i r r e d u c i b l e  error 
p r o b a b i l i t y  due t o  combined phase  and ampl i tude  d i s t o r t i o n .  
I t  appea r s  from t h i s  t h a t  t h e  d i v e r s i t y  effect  a s s o c i a t e d  w i t b  
ampl i tude  s e l e c t i v e  f a d i n g  which was mentioned above h a s  t h e  
e f f e c t  of r educ ing  t h e  i r r e d u c i b l e  error rate due t o  phase  
d i s t o r t i o n  when t h e  two e f f e c t s  are combined. 
F igu re  18 i s  a p l o t  of e x p e r i m e n t a l  and theoret ical  data  
p l o t t e d  in a n  i d e n t i c a l  manner as  t h a t  of Figure 13. I n  t h i s  
case a l l  the  r e s u l t s  are f o r  a lower r e l a t ive  d a t a  ra te  - d = 
0 . 1 4 .  Th i s  g raph  conf i rms  t h a t  for d = 0.14 t h e  n a t u r e  of ouf 
r e s u l t s  is i den t i ca l  t o  t h e  case shown i n  F i g u r e  17 where t h e  
r e l a t i v e  data r a t e  w a s  0 . 2 8 .  W e  see a g a i n  t h a t  t h e  error 
rates due t o  pu re  phase  d i s t o r t i o n  are h i g h e r  t h a n  those due  
t o  ampl i tude  d i s t o r t i o n  a l o n e  f o r  all SNR's. F u r t h e r ,  w h i l e  
an  i r r e d u c i b l e  error p r o b a b i l i t y  d e f i n i t e l y  e x i s t s  fo r  t h e  
phase  d i s t o r t i o n  case, no  i r r e d u c i b l e  error ra te  was e x p e r i -  
m e n t a l l y  found f o r  t h e  p u r e  ampl i tude  d i s t o r t i o n  case. 
also note t h a t  a g a i n  t h e  error ra te  due t o  ampl i tude  
We 
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dis tor t ion  alone is lower t h a n  the flat f a d i n g  error rate, 
i n d i c a t i n g  t h a t  t h e  d i v e r s i t y  e f f e c t  is a g a i n  p r e s e n t .  
F i n a l l y  w e  note t h a t  t h e  i r r e d u c i b l e  error ra te  due t o  phase 
d i s t o r t i o n  a lone  is aga in  g r e a t e r  t h a n  t h a t  for combined ampli- 
t ude  and phase d i s t o r t i o n .  
We a g a i n  n o t e  t h a t  t h e  expe r imen ta l  p o i n t s  f o r  t h e  pu re  
ampli tude d i s t o r t i o n  case f a l l  very  n e a r l y  on a s t r a i g h t  l i n e  
f o r  S N R ' s  above 10db. I n  t h i s  case t h e  e q u a t i o n  of error prob- 
a b i l i t y  t o  SNR was determined to be 
(d = .14) a -1.3 Pe = . 7 9 4 r  
T h i s  can be compared w i t h  t h e  r e s u l t  from F i g u r e  1 7 ,  
(4 -7 )  
-1.463 Pea = .946r (d = . 2 8 )  (4 -8 )  
and w i t h  t h e  f l a t  f ad ing  r e s u l t  
(4 -9)  
-1 Pe - .Sr 
The d i f f e r e n t  exponents  i n  t h e  t w o  ampl i tude  d i s t o r t i o n  
e x p r e s s i o n s  s u p p o r t  a f a c t  which we know must be t r u e  abou t  
t h e  pure ampl i tude  d i s t o r t i o n  results fo r  o u r  system. T h i s  
is  t h a t  for small  r e l a t i v e  data  rates,  t h e  pu re  ampl i tude  fad- 
i n g  error ra tes  must approach t h e  f l a t  f ad ing  error rates. 
T h i s  can be seen  by first  r e c a l l i n g  t h a t  t h e  reason  for the 
p a r t i c u l a r  behavior  w e  have found for t h e  pu re  ampl i tude  d i s -  
t o r t i o n  system was t h a t  t h e  t r ansmiss ion  band was w i d e  enough 
so t h a t  a deep f a d e  a t  one frequency i n  t h e  band would n o t  
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n e c e s s a r i l y  i n d i c a t e  a deep fade th roughout  the entire band. 
I n  other word8, the s i g n a l i n g  bandwidth is wide enough 
compared t o  the width of t h e  channe l ' s  f requency  c o r r e l a t i o n  
f u n c t i o n  t h a t  a s i g n i f i c a n t  d i f f e r e n c e  i n  the ampl i tude  of 
the  c h a n n e l ' s  t r a n s m i t t a n c e  can occur  w i t h i n  t h e  s i g n a l i n g  
bandwidth. From t h i s  viewpoint,  it is obvious  t h a t  as the 
s i g n a l  bandwidth g e t s  smaller, the p r o b a b i l i t y  of a s i g n i f i -  
c a n t  change i n  the channel  t r a n s f e r  f u n c t i o n ' s  ampl i tude  
w i t h i n  t h e  s i g n a l i n g  bandwidth becomes smaller. I n  the 
l i m i t ,  w e  approach t h e  case of a f l a t  t r a n s f e r  f u n c t i o n  whose 
ampl i tude  must,  of c o u r s e ,  possess  a Rayleigh d i s t r i b u t i o n .  
Thus w e  see t h a t  for  s m a l l  r e l a t i v e  d a t a  rates the  pure  
ampl i tude  d i s t o r t i o n  error r a t e s  must approach t h e  Rayle igh  
f l a t  f ad ing  error rates. The fac t  t h a t  t h e  exponent  i n  t h e  
e x p r e s s i o n s  for  t h e  pure ampli tude d i s t o r t i o n  error rates 
s e e m  t o  approach -1 as d becomes smaller shows t h s t  the  
r e s u l t s  are i n  accordance w i t h  t h e  predicted behavior .  
I n  order t o  show g r a p h i c a l l y  t h a t  t h e  expe r imen ta l  ampli- 
t ude  d i s t o r t i o n  r e s u l t s  a r e  i n  accordance  w i t h  t h e  p r e d i c t e d  
l i m i t i n g  behavior described above, F igu re  1 9  has  been pre- 
pared which c o n t a i n s  the  fo l lowing  error p r o b a b i l i t y  plots: 
1. Theoretical F l a t  Fading 
2 .  Exper imenta l  F l a t  Fading 
3. Exper imenta l  Pure  Amplitude D i s t o r t i o n  - d = - 2 8 0  
4 .  Exper imenta l  Pure  Amplitude D i s t o r t i o n  - d = - 1 4 0  
5.  Exper imenta l  Pu re  Amplitude D i s t o r t i o n  - d = -0933 
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Each of t h e  e x p e r i m e n t a l  curves was o b t a i n e d  by u s i n g  an 
i d e n t i c a l  s e t  of 1,000 channel  samples .  For  c l a r i t y ,  t h e  1 
estimated standard d e v i a t i o n  l i m i t s  have n o t  been i n c l u d e d  i n  
t h i s  g raph .  The r e s u l t s  shown i n  t h i s  g r a p h  i n d i c a t e  c l e a r l y  
t h a t  f o r  each  v a l u e  of r Considered,  t h e  error rate approaches 
t h e  f l a t  f a d i n g  case as d becomes smaller. From t h e s e  
r e s u l t s ,  w e  conclude  t h a t  o u r  e x p e r i m e n t a l  r e s u l t s  do agree 
w i t h  t h e  p r e d i c t e d  l i m i t i n g  behavior  f o r  t h e  p u r e  amplitude 
d i s t o r t i o n  case. 
4 . 5  Summary 
I n  t h i s  c h a p t e r  t h e  results of s e v e r a l  computer s imula-  
t i o n s  of sys tems c o n t a i n i n g  t h e  nonadapt ive  DPSK receiver are 
g i v e n .  F i r s t ,  t h e  f requency  selective f a d i n g  system examined 
i n  Chapter  I1 was cons ide red .  I t  was shown t h a t  t h e  s imula-  
t i o n  results for  t h i s  system are i n  good agreement  w i t h  the  
theoretical  p r e d i c t i o n s ,  from which  it i s  concluded t h a t  t h e  
computer s i m u l a t i o n  a c c u r a t e l y  models t h e  communication 
sys tem of i n t e r e s t .  As expec ted ,  it was a l so  found t h a t  t h e  
accuracy  o b t a i n a b l e  w i t h  a s i m u l a t i o n  expe r imen t  of any g i v e n  
l e n g t h  becomes poorer as t h e  error p r o b a b i l i t y  be ing  es t i -  
mated decreases. Next, t h e  r e s u l t s  of t h e  s i m u l a t i o n  of a 
p u r e  f l a t  Rayle igh  f a d i n g  s y s t e m  were shown. 
expe r imen t ,  t h e  expe r imen ta l  and t h e o r e t i c a l  rates were i n  
agreement .  F i n a l l y ,  communication sys tems subject o n l y  t o  
t h e  phase  d i s t o r t i o n  o r  ampl i tude  d i s t o r t i o n  components of 
t h e  Gauss ian  f ad ing  channel  were s i m u l a t e d .  The r e s u l t s  of 
As i n  the f i r s t  
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these experiments  r e v e a l e d  t h a t  i n  the presence of phase d is -  
t o r t i o n  a l o n e  the s y s t e m  pe r fonns  worse t h a n  i n  the presence 
of ampli tude and phase d i s t o r t i o n  combined8 w h i l e  in t h e  
presence  of ampl i tude  d i s t o r t i o n  a l o n e ,  it pe r fonns  better 
t h a n  the  B a m e  system i n  the presence  of f l a t  f ad ing .  Thus, 
Sunde 's  c o n j e c t u r e  t h a t  phase d i s to r t ion  is r e s p o n s i b l e  f o r  
v i r t u a l l y  all of the  degradation which o c c u r s  i n  t h e  fre- 
quency s e l e c t i v e  f ad ing  channe l  w a s  found to  be t r u e .  I t  w a s  
found that the  improvement which t h e  ampl i tude  d i s t o r t i o n  
case affords over  f l a t  f ad ing  can be i n t e r p r e t e d  as being due 
t o  a d i v e r s i t y  effect .  
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CHAPTER V: EXPERIMENTAL RESULTS FOR ADAPTIVE 
SELECTIVE FADING SYSTEMS 
5 . 1  I n t r o d u c t i o n  
The e x p e r i m e n t a l  r e s u l t s  of t h e  p r e v i o u s  c h a p t e r  have 
shown t h a t  phase  d i s t o r t i o n  can be c o n s i d e r e d  to be t h e  b a s i c  
i n f l u e n c e  i n  c a u s i n g  errors due to i n t e r symbol  i n t e r f e r e n c e '  
and p u l s e  shape  d i s t o r t i o n  i n  selective f a d i n g  communication 
sys tems.  T h i s  f a c t  i s  impor t an t  because  it i n d i c a t e s  t h a t  i f  
one is o p e r a t i n g  a system whose p r o b a b i l i t y  o f  error is  con- 
t r o l l e d  by d i s t o r t i o n  e f f e c t s  ( i .e . ,  t h e  e f f e c t  of Pei) ,  t h e n  
he may be able t o  s i g n i f i c a n t l y  r educe  t h e  sys tem error ra te  
with t h e  use of some form of phase  d i s t o r t i o n  e q u a l i z a t i o n .  
Of c o u r s e ,  f o r  a random fading channe l ,  t h i s  implies a n  adap- 
t i v e l y  t ime-varying e q u a l i z a t i o n  scheme. I n  g e n e r a l  such  a 
scheme would i n v o l v e  a s y s t e m  fo r  measurement a t  t h e  receiver 
t o  de te rmine  t h e  d i s t o r t i o n  c h a r a c t e r i s t i c s ,  a feedback 
scheme t o  t r a n s m i t  t h e  measurement data t o  t h e  s i g n a l  gener-  
a tor ,  and an a d a p t i v e  c o n t r o l  on t h e  s i g n a l  g e n e r a t o r  which 
woula change t h e  s i g n a l ' s  shape so as t o  o p t i m a l l y  combat t h e  
c h a n n e l  effects .  however, i n  t h e  p r e s e n t  case t h e  f a c t  t h a t  
phase  d i s t o r t i o n  i s  t h e  pr imary c a u s e  of t h e  s i g n a l  d is tor-  
t i o n  is ex t r eme ly  impor t an t  i n  t h a t  it allows e l i m i n a t i o n  o f  
t h e  r equ i r emen t  f o r  a feedback system. T h i s  i s  because  phase  
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c o r r e c t i o n  is i d e a l l y  performed wi th  a network which pos- 
sesses a c o n s t a n t  ampl i tude  r e sponse  f u n c t i o n  and phase  
response  f u n c t i o n  des igned  t o  compensate for t he  g i v e n  chan- 
n e l  phase characteristic. Such a network, when p l a c e d  
between the channel  o u t p u t  and t h e  matched f i l ter  i n p u t  does 
n o t  change the  a d d i t i v e  n o i s e  spectral d e n s i t y .  Because of 
t h i s ,  t h e  sys tem’s  performance is t he  same whether t h i s  f i l -  
ter is  placed a t  t h e  t r a n s m i t t e r  o u t p u t  o r  a t  t h e  d e t e c t o r  
i n p u t .  Thus,  s i n c e  measurement and c o r r e c t i o n  can b o t h  t a k e  
place a t  t h e  receiver, no feedback channel  i s  necessary .  
I t  shou ld  be p o i n t e d  o u t  t h a t  some of t h e  r e s u l t s  of 
Chapter  IV are of direct i n t e r e s t  i n  r e l a t i o n  t o  t h e  perform- 
ance of a n  a d a p t i v e  system s u c h  as i s  described above. 
i s  because, i n  t he  l i g h t  of t h e  above d i s c u s s i o n ,  w e  c a n  
i n t e r p r e t  t he  r e s u l t s  of t h e  exper iment  w i t h  only ampli tude-  
s e l e c t i v e  f a d i n g  as an  i n d i c a t i o n  of t h e  u l t i m a t e  performance 
which could be ach ieved  by a phase -co r rec t ing  a d a p t i v e  system. 
T h a t  is, if a n  a d a p t i v e  system c o u l d  be c o n s t r u c t e d  t o  measure 
t h e  phase d i s t o r t i o n  of a channel  and p e r f e c t l y  correct for  
such  phase d i s t o r t i o n ,  t he  r e s u l t i n g  performance would be 
s imply  t h a t  of t h e  a m p l i t u d e - s e l e c t i v e  system shown i n  
Chapter IV. T h i s  shows us  t h a t  for systems which are s u b j e c t  
t o  the effects of a Gaussian f ad ing  channe l ,  s i g n i f i c a n t  
r e d u c t i o n s  i n  error rate may be possible i f  an a d a p t i v e  
r e c e i v e r  system is implemented which a t tempts  t o  measure t he  
channe l  phase characteristic and to compensate for it. W e  
n a t u r a l l y  r e a l i z e  t h a t  such  a system cou ld  n o t  ach ieve  t h e  
T h i s  
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performance levels of  t h e  pu re  a m p l i t u d e - s i l e c t i v e  f a d i n g  
sys tem since n e i t h e r  t h e  measurement n o r  t h e  compensat ion 
c o u l d  be p e r f e c t ,  b u t  t h i s  does n o t  preclude t h e  p o s s i b i i i t y  
of s i g n i f i c a n t  error p r o b a b i l i t y  r e d u c t i o n s  for such  a system. 
W e  t h u s  conclude  t h a t  i t  is  of i n t e r e s t  t o  a t t e m p t  t o  
f o r m u l a t e  a n  a d a p t i v e  system for  phase  measurement and cor- 
r e c t i o n  and t o  a t t e m p t  t o  e v a l u a t e  i t s  performance. I n  t h i s  
chapter t w o  such  sys tems are i n v e s t i g a t e d  - one des igned  t o  
compensate for  t h e  r e s i d u a l  de l ay  i n t r o d u c e d  by t h e  channe l  
and t h e  o t h e r  des igned  to  combat r e s i d u a l  d e l a y  and l i n e a r  
d e l a y  d i s t o r t i o n .  I n  each case ,  measurements are assumed to 
be made w i t h  p i l o t  t o n e  measurement sys tems which c o n s i s t  of 
t w o  p i l o t  t o n e  g e n e r a t o r s  a t  t h e  t r a n s m i t t e r  and t w o  corre- 
sponding p i l o t  t o n e  r e c e i v e r s  a t  t h e  receiver. I n  a d d i t i o n ,  
t h e  effects of a d d i t i v e  x i s e  i n  t h e  p i l o t  t o n e  measurement 
system and of  u s i n g  a p h y s i c a l l y  r e a l i z a b l e  e q u a l i z a t i o n  f i l -  
t e r  i n  t h e  a d a p t i v e  system a r e  i n v e s t i g a t e d .  
5 . 2  Measurement and R e p r e s e n t a t i o n  o f  
Channel Phase D i s t o r t i o n  
I n  c o n s i d e r i n g  an  approximate r e p r e s e n t a t i o n  f o r  t h e  
phase  r e sponse  f u n c t i o n  of  a random channe l ,  t h e  work of 
Sunde p r o v i d e s  a n  i n t u i t i v e l y  a t t r a c t i v e  approach.  Tha t  is, 
we fee l  t h a t  f o r  bandwidths which are r e a s o n a b l y  s m a l l  w i t h  
r e s p e c t  t o  t h e  c h a n n e l ' s  coherence bandwidth,  w e  shou ld  be 
able t o  approximate t h e  phase r e sponse  f u n c t i o n  by sane com- 
b i n a t i o n  of p u r e  phase  s h i f t ,  pu re  d e l a y ,  and  pu re  d e l a y  d i s -  
t o r t i o n  ( i .e . ,  by some q u a d r a t i c  e x p r e s s i o n  i n  f ) .  Of course ,  
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t h e  results of Chapter  111 show US t h a t  i n t u i t i o n  must be 
combined w i t h  good mathemat ica l  unders tanding  i n  this s i t u a -  
t i o n ,  s i n c e  we have Been t h a t  t h e  use of a T a y l o r ' s  series 
approximation i s  i n v a l i d  i n  t h i s  case. 
I n  e s s e n c e ,  t he  reason  t h a t  the T a y l o r ' s  series repre- 
s e n t a t i o n  f a i l s  t o  adequa te ly  r e p r e s e n t  t h e  phase response  
f u n c t i o n  of t h e  Gaussian f ad ing  channel  i s  t h a t  i n  t h i s  case 
measurements made a t  a p o i n t  f a i l  t o  r e p r e s e n t  t h e  t r u e  
n a t u r e  of t h e  phase response  f u n c t i o n  over  an i n t e r v a l  - t h e  
t r ansmiss ion  band. Thus, it is obvious  t h a t  a method of I 
r e p r e s e n t a t i o n  should  be sought  which takes i n t o  accoun t  t h e  
p r o p e r t i e s  of t h e  phase response  f u n c t i o n  ove r  an i n t e r v a l .  
Th i s  r e p r e s e n t a t i o n  o v e r  a n  i n t e r v a l  can  be accomplished 
w h i l e  r e t a i n i n g  t h e  de l ay  and l i n e a r  d e l a y  d i s t o r t i o n  approx- 
ima t ion  f e a t u r e s  described above by u s i n g  a polynomial f i t  
approach 
response  
t i n g  1 
t o  t h e  r e p r e s e n t a t i o n .  S p e c i f i c a l l y ,  i f  t h e  phase  
f u n c t i o n  i s  G ( f )  and t h e  bandwidth i s  2Af, t hen  let- 
w e  can  approximate G ( f )  by 
G ( f )  = Af2 + Bf + C (5- 1) 
It  is assumed t h a t  G ( f )  is r e p r e s e n t e d  
f u n c t i o n  of f and is n o t  e x p r e s s e d  i n  modulo 
1 as a cont inuous  
2 n  form. 
1 0 1  
where 
$ "  - 3 c  
G l  v 2  -"O 
A =  
2 ( A f I 2  
(5-2) 
- G2 B -  
2Af 
(5-3)  
C - G o  (5 -4 )  
W e  n o t e  t h a t  t h i s  polynomial f i t  r e p r e s e n t a t i o n  i n s u r e s  t h a t  
t h e  error i n  r e p r e s e n t a t i o n  of t h e  phase response  f u n c t i o n  
w i l l  be z e r o  a t  t h e  three p o i n t s  0 ,  A f t  and -Af. Thus, w e  
have reason  t o  b e l i e v e  t h a t  t h i s  r e p r e s e n t a t i o n  may provide  
a n  adequate  i n t e r v a l  r e p r e s e n t a t i o n  f o r  t h e  phase response  
f u n c t i o n  even though t h e  f i r s t  three terms of t h e  T a y l o r ' s  
series may f a i l  t o  do t h i s .  
The polynomial f i t  approach t o  t h e  r e p r e s e n t a t i o n  of 
t h e  phase response  f u n c t i o n  is n a t u r a l l y  associated wi th  a 
p h y s i c a l l y  r e a l i z a b l e  method of channel  measurement. 
method, p i l o t  t o n e s  are t ransmi t ted  t o  t h e  r e c e i v e r  a t  f r e -  
I n  t h i s  
quenc ie s  f ,  + Af and f ,  - A f .  
r e c e i v e r  are tuned  t o  each of these t w o  f r e q u e n c i e s ,  p rovid-  
i n g  estimates of  t h e  q u a n t i t i e s  G, and G,. 
phase detector can be used t o  o b t a i n  an e s t i m a t e  of  Go from 
t h e  data s i g n a l .  When phase modulat ion is be ing  used,  a sig- 
n a l  s u i t a b l e  for p r o c e s s i n g  by t h e  phase detector can be 
d e r i v e d  by e i t h e r  squa r ing  t h e  incoming message s i g n a l  o r  by 
a d e c i s i o n  directed measurement phase reversal scheme. Both 
Phase detectors a t  t h e  
I n  a d d i t i o n ,  a 
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of these methods are d i s c u s s e d  by P r o a k i s ,  -- e t  a l . ( 2 8 ) ,  i n  
connec t ion  w i t h  a d i f f e r e n t  problem 
5.3 Performance of t h e  Adapt ive Systems 
I n  t h i s  s e c t i o n  we show t h e  r e s u l t s  of computer s imula-  
t i o n  experiments  which were conducted i n  order t o  de te rmine  
t h e  e r r o r  p r o b a b i l i t y  of t h e  a d a p t i v e  r e c e i v e r  scheme formu- 
lated above. Two a d a p t i v e  systems were i n v e s t i g a t e d .  The 
f i r s t  of these employs a s imple s t r a i g h t - l i n e  approximation 
t o  t h e  channel  f i l t e r ' s  phase r e sponse  f u n c t i o n .  T h i s  means 
t h a t  only t he  r e s i d u a l  d e l a y  of the  channe l  f i l t e r  i s  compen- 
sated f o r .  The estimate of t h e  f i l t e r  d e l a y  is made by u s i n g  
Equation (5-3) i n  c o n j u n c t i o n  w i t h  t h e  p i l o t - t o n e  measurement 
system which was described above. Th i s  means t h a t  o n l y  t w o  
phase d e t e c t o r s  are r e q u i r e d  a t  t h e  detector and no measure- 
ment is made on the  data s i g n a l  ( i .e . ,  G o  i s  n o t  measured) .  
The second a d a p t i v e  system which was s imula t ed  a t t e m p t s  
to  compensate both fo r  t h e  d e l a y  and l i n e a r  d e l a y  d i s t o r t i o n  
in t roduced  by the  channel  f i l t e r .  Again t h e  p i l o t - t o n e  meas- 
urement scheme i s  employed, b u t  now both Equat ions  ( 5 - 2 )  and 
(5-3) are used t o  e s t i m a t e  t h e  t w o  r e q u i r e d  parameters .  
I n  the  s i m u l a t i o n  of each of t h e  above a d a p t i v e  systems 
an ideal e q u a l i z a t i o n  f i l t e r  w a s  assumed t o  be p l aced  i n  t h e  
r e c e i v e r  system ahead of t h e  matched f i l t e r .  T h i s  f i l t e r  
p rov ides  p e r f e c t  d e l a y  and l i n e a r  d e l a y  d i s t o r t i o n  compensa- 
t i o n  corresponding t o  t h e  parameters  measured by t h e  p i l o t -  
t o n e  measurement system. I n  bo th  of t h e  systems i n v e s t i g a t e d  
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t h e  v a l u e  of t h e  c o n s t a n t  phase s h i f t ,  g i v e n  by C i n  
Equa t ion  ( 5 - 4 )  w a s  i gnored  and was n o t  compensated for by 
the e q u a l i z a t i o n  f i l ter .  The r e a s o n  for t h i s  is  t h a t  i n  a 
DPSK sys tem,  a c o n s t a n t  phase s h i f t  i n  t h e  channe l  f i l t e r  w i l l  
have no e f f e c t  on t h e  o p e r a t i o n s  a t  t h e  receiver as far  as 
i n f o r m a t i o n  p r o c e s s i n g  i s  concerned. T h i s  is because  an 
i d e n t i c a l  phase  s h i f t  i s  in t roduced  i n  bo th  t h e  d e l a y e d  
I f r e f e r e n c e n  s i g n a l  and  i n  t h e  non-delayed W i n f o r m a t i o n ”  sig- 
n a l  and t h i s  phase  s h i f t  w i l l  n o t  e f f e c t  t h e  o u t p u t  of t h e  
m u l t i p l i e r  and l o w  p a s s  f i l t e r  combinat ion.  
F i g u r e s  20 ,  21, and 22 are g r a p h s  showing a comparison 
of t h e  error p r o b a b i l i t y  performance of  t h e  nonadap t ive  and 
t h e  t w o  a d a p t i v e  sys tems.  Each g raph  is  a p l o t  of error 
p r o b a b i l i t y  v e r s u s  SNR for  a f i x e d  r e l a t i v e  data  ra te .  I n  
F i g u r e  20 t he  re la t ive data r a t e  f o r  each set of p o i n t s  i e  
.56. Four c u r v e s  are inc luded  i n  t h i s  graph:  
1. 
2.  
3 .  
4 .  
Nonadaptive system, t h e o r e t i c a l  error prob- 
a b i l i t y  ( r e s u l t s  from Chapter  11). 
Nonadaptive system, expe r imen ta l  error rates 
( r e s u l t s  from Chapter  111). 
Adaptive sys tem,  d e l a y  c o r r e c t i o n  o n l y ,  
e x p e r i m e n t a l  error rates.  
Adapt ive sys tem,  d e l a y  and d e l a y  d i s t o r t i o n  
c o r r e c t i o n ,  expe r imen ta l  error rates. 
The t h r e e  expe r imen ta l  curves  shown were each o b t a i n e d  from 
a set  of 1 , 0 0 0  channe l  samples. The same set w a s  used for 
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Figure 20 .  Performance of Nonadaptive and Adaptive Systems - 
d = 0.56.  
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e a c h  experiment ,  t h u s  a l lowing  a comparison to be made 
between them. F igu re  20 shows u s  that  t h e  a d a p t i v e  phase- 
c o r r e c t i o n  systems do p rov ide  s i g n i f i c a n t ,  measurable  Lmpmve 
rnent i n  t h e  error r a t e  performance of our communication 
system a t  a l l  SNR's. The r e l a t i v e  improvement provided  by 
t h e s e  systems varies s i g n i f i c a n t l y  from t h e  l o w  SNR r e g i o n ,  
where there is  very  l i t t l e  improvement, t o  t h e  h igh  SNR 
r e g i o n ,  where a l a r g e  improvement is apparent .  The r eason  
f o r  t h i s  is  t h a t  t h e  a d a p t i v e  systems be ing  i n v e s t i g a t e d  here 
combat t h e  e f f e c t s  of p u l s e  d i s t o r t i o n  and intersymbol i n t e r -  
f e r e n c e  b u t  do n o t  change t h e  e f f e c t s  of a d d i t i v e  n o i s e  on 
the  system. Thus, a t  lower SNR's where t h e  a d d i t i v e  n o i s e  
e f f e c t s  are p r e v a l e n t ,  very  l i t t l e  improvement i s  noted.  
However, a t  h igh  SNR's where d i s t o r t i o n  e f f e c t s  are most 
impor t an t ,  much g r e a t e r  improvement is  noted.  The r e l a t i v e  
improvement ( r a t i o  of adap t ive  error ra te  t o  nonadapt ive 
error rate)  a t  i n f i n i t e  SNR is abou t  one- four th  f o r  both 
sys terns 
Figure  20 also i n d i c a t e s  t h a t  t h e  improvement provided  
by c o r r e c t i n g  for l i n e a r  de lay  d i s t o r t i o n  and d e l a y  'is o n l y  
s l i g h t l y  g r e a t e r  than  t h a t  provided by c o r r e c t i n g  fo r  d e l a y  
a l o n e .  Compared t o  t h e  improvement provided  by t h e  de lay-  . 
c o r r e c t i o n  system, t h e  f u r t h e r  improvement provided  by t h e  
d e l a y  and d e l a y  d i s t o r t i o n  c o r r e c t i o n  system is v i r t u a l l y  
i n s i g n i f i c a n t .  Th i s  i n d i c a t e s  t h a t  the  e f f e c t  of t h e  channe l  
f i l t e r  d e l a y  i s  much more impor tan t  i n  t h e  degrading  of t h e  
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sys t em ' s  performance t h a n  t h e  e f f e c t  o f  l inear  d e l a y  dis tor-  
t i o n .  
Figure 21 is  a p l o t  of t h e  expe r imen ta l  performance of 
t h e  two phase-adapt ive  s y s t m s  a long  w i t h  t h e  t h e o r e t i c a l  
error p r o b a b i l i t y  of t h e  nonadapt ive  system f o r  d = 0.4.  
For each of t h e  experimental  curves i n  t h i s  g raph ,  1 ,500  
channe l  samples were used. I n  g e n e r a l ,  t h e  r e s u l t s  shown by 
t h i s  graph are q u i t e  s i m i l a r  t o  t h o s e  of F i g u r e  20. We a g a i n  
n o t e  t h a t  bo th  a d a p t i v e  systems p rov ide  s i g n i f i c a n t  reduc- 
t i o n s  i n  error ra te  a t  a l l  SNR's when compared t o  t h e  per -  
formance of t h e  nonadapt ive s y s t e m .  However, f o r  t h i s  rela- 
t i v e  d a t a  rate,  t h e  i r r e d u c i b l e  error p r o b a b i l i t y  of t h e  
adap t ive  systems is roughly one - twen t i e th  of  t h e  nonadapt ive  
sys t em ' s  wh i l e  it w a s  o n l y  one- four th  of t h e  nonadapt ive  
error p r o b a b i l i t y  f o r  d = 0.56.  T h i s  means t h a t  t h e  r e l a t i v e  
improvement of t h e  a d a p t i v e  s y s t e m  is  f a r  g r e a t e r  f o r  d = . 4  
than  for d = . 5 6 .  W e  a lso n o t e  from t h i s  graph  t h a t  t h e  rel- 
a t i v e  improvement of t h e  delay and d e l a y  d i s t o r t i o n  correc- 
t i o n  system i s  o n l y  s l i g h t l y  g r e a t e r  t han  t h a t  of t h e  de lay-  
o n l y  correction system. As i n  t h e  d = . 5 6  case, t h e  re la t ive 
d i f f e r e n c e  between t h e  t w o  systems compared t o  t h e  improve- 
ment they show over  t h e  nonadapt ive  system i s  n e a r l y  i n s i g -  
n i f i c a n t .  We do n o t e ,  however, t h a t  for a l l  SNR's excep t  
r = -, t h e  estimated error ra te  of t h e  d e l a y  and d e l a y  d i s -  
t o r t i o n  c o r r e c t i o n  system i s  lower than  t h a t  f o r  t h e  d e l a y  
c o r r e c t i o n  system. T h i s  i s ,  of  c o u r s e ,  t h e  expec ted  behavior  
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s i n c e  w e  e x p e c t  a greater degree of c o r r e c t i o n  to y i e l d  a 
lower error rate. 
F i g u r e  2 2  is  a g raph  of t h e  same t y p e  of in fo rma t ion  a@ 
is shown i n  F i g u r e s  20  and 21, b u t  i n  t h i s  p l o t  t h e  r e l a t i v e  
da ta  rate is  0.28. 
t h i s  g raph ,  2,000 channe l  samples  were used. The r e s u l t s  
shown i n  t h i s  graph  i n d i c a t e  t h a t  t h e  same basic behav io r  is 
o c c u r r i n g  a t  this d a t a  rate a s  occurred a t  t h e  other two data 
rates d i s c u s s e d  above. W e  aga in  n o t i c e  a s i g n i f i c a n t  
improvement i n  error p r o b a b i l i t y  performance of the  a d a p t i v e  
systems compared t o  t h e  non-adaptive one, t h e  r e l a t i v e  
For  each of t h e  expe r imen ta l  c'urves on 
improvement be ing  much g r e a t e r  fo r  SNR's where s i g n a l  d is tor-  
t i o n  and in te rsymbol  i n t e r f e r e n c e  are of most importance.  As 
before, on ly  a s m a l l  d i f f e r e n c e  i n  performance e x i s t s  between 
t h e  two a d a p t i v e  systems,  with t h e  delay and de lay  d i s t o r t i o n  
c o r r e c t i o n  system e x h i b i t i n g  c o n s i s t e n t l y  lower error rates 
t h a n  t h e  system for delay c o r r e c t i o n  only. 
I n  t h i s  case w e  f i n d  t h a t  t h e  re la t ive improvement of 
t h e  i r r e d u c i b l e  error p r o b a b i l i t i e s  for  t h e  t w o  a d a p t i v e  
systems is o n l y  s l i g h t l y  s m a l l e r  than  it w a s  i n  t h e  d - . 4  
case, s t i l l  be ing  approximately one- twent ie th .  Thus t h e  
change i n  r e l a t i v e  improvement a t  r - - i s  n o t  as  g r e a t  when 
comparing t h e  d = . 2 8  case w i t h  t h e  d = . 4  case as it is  when 
the  d = . 4  and d = - 5 6  c a s e s  are compared. However, when one 
c o n s i d e r s  t h e  method w e  are u s i n g  f o r  r e p r e s e n t a t i o n  of t h e  
c h a n n e l ' s  phase r e sponse  f u n c t i o n  (approximation by the 
d e l a y  and l i n e a r  d e l a y  d i s t o r t i o n  components o n l y ) ,  it is  
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apparent  t h a t  t h e  r e p r e s e n t a t i o n ,  and t h e r e f d r e  t h e  correc- 
t i o n ,  should improve as t h e  s i g n a l i n g  bandwidth becomes 
smaller. F o r  t h i s  r eason  it i s  f e l t  t h a t  t h e  improvement 
a f fo rded  by t h e  phase -co r rec t ion  schemes examined above 
shou ld  become g r e a t e r  as t h e  r e l a t i v e  data rate becomes 
smaller. As discussed above t h i s  c o n j e c t u r e  does  seem t o  be 
supported by t h e  r e s u l t s  of t h i s  s e c t i o n .  From t h i s  reason-  
i n g ,  i t  is f e l t  t h a t  t h e  r e l a t i v e  improvement of  t h e  a d a p t i v e  
systems a t  t h e  data rates i n v e s t i g a t e d  h e r e  should  r e p r e s e n t  
t h e  minimum r e l a t i v e  improvement which should  be a t t a i n a b l e  
a t  lower r e l a t i v e  d a t a  rates. 
The in fo rma t ion  w e  have o b t a i n e d  i n  t h i s  s e c t i o n  on t h e  
performance of t h e  a d a p t i v e  s y s t e m s  can be used t o  formulate 
some des ign  examples which i n d i c a t e  t h e  improvement which such 
systems can  provide .  We c o n s i d e r  f i r s t  t h e  case of a system 
f o r  which t h e  SNR a v a i l a b l e  a t  t h e  r e c e i v e r  is c o n s t a n t  and 
which m u s t  perform a t  or below some g i v e n  error rate. 
t h i s  case w e  can  show t h a t  i f  r = 30 db, t h e  maximum r e l a t i v e  
data rate f o r  which Pe - < 
system, w h i l e  it i s  abou t  . 2 8  fo r  e i t h e r  of t h e  a d a p t i v e  
systems.  Thus t h e  data rate c a n  be t r i p l e d  w i t h o u t  i n c r e a s -  
i n g  the e r r o r  rate.  S i m i l a r l y ,  if r - > 40 db,  t h e  maximum 
r e l a t i v e  data rate f o r  P < i s  .125 f o r  t h e  nonadapt ive  
system and about . 37  f o r  t h e  a d a p t i v e  systems.  Again w e  see 
t h a t  t h e  d a t a  ra te  can  be n e a r l y  t r i p l e d .  
I n  
is 0.09 f o r  t h e  nonadapt ive  
e -  
If t h e  t r a n s m i t t e d  power must be held c o n s t a n t  and t h e  
error p r o b a b i l i t y  i s  r e q u i r e d  t o  be below some g iven  va lue ,  
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t h e n  a somewhat d i f f e ren t  s i tua t ion  arises s i n c e  the proauct 
rd must be he ld  c o n s t a n t .  I n  t h i s  case we can  show t h a t  for 
'e - 
for t h e  nonadapt ive  system i s  . 0 9 5 ,  whi le  it i s  0.2 f o r  t h e  
a d a p t i v e  systems.  I f  rd = 200 and t h e  same error p r o b a b i l i t y  
is  d e s i r e d ,  t h e  maximum r e l a t i v e  data rates become 0.125 and 
0 . 2 4  r e s p e c t i v e l y .  Thus t h e  d a t a  rate can be doubled i n  
each of  these cases w i t h  no  increase i n  error p r o b a b i l i t y .  
F i n a l l y ,  i f  rd  > 500 and Pe - 
rates become .125 f o r  the nonadapt ive system and . 4  f o r  t h e  
a d a p t i v e  system. Thus the d a t a  ra te  can be more than  t r i p l e d  
i n  t h i s  case. 
and for rd = 100, t h e  m a x i m u m  r e l a t i v e  data rate 
t h e  maximum r e l a t i v e  data 
5 . 4  Performance of a P h y s i c a l l y  R e a l i z a b l e  Adaptive System 
I n  S e c t i o n  5.3, w e  cons idered  a n  i d e a l i z e d  a d a p t i v e  
r e c e i v e r  system f o r  combating t h e  e f f e c t s  of frequency selec- 
t i v e  f ad ing .  The i d e a l i z a t i o n s  involved  i n  examining t h e  
system were: 
1. The phase response  f u n c t i o n  of t h e  channel  
f i l t e r  was measured p e r f e c t l y  a t  t h e  f r e -  
quenc ie s  of interest .  
2 .  A p e r f e c t  e q u a l i z e r  f i l t e r  was a v a i l a b l e  f o r  
delay and d e l a y  d i s t o r t i o n  c o r r e c t i o n .  
I n  t h i s  s e c t i o n  w e  w i l l  determine t h e  e f f e c t  o f  r e l a x i n g  
t h e s e  i d e a l i z a t i o n s  so t h a t  the  mathematical  model becomes 
one which cou ld  be implemented w i t h  p h y s i c a l  components. To  
do t h i s ,  w e  w i l l  c o n s i d e r  t h e  e f f e c t s  on t h e  system 
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p r f o r m a n c e  of i n t r o d u c i n g  a d d i t i v e  n o i s e  i n  t h e  phase  meas- 
urement system and of employing a p h y s i c a l l y  r e a l i z a b l e  phaqe 
e q u a l i z a t i o n  f i l t e r  . 
T o  o b t a i n  a n  unders tanding  of  t h e  p o s s i b l e  e f f e c t s  of 
a d d i t i v e  n o i s e  i n  t h e  measurement system, l e t  us  c o n s i d e r  
t h e  SNR's which might be r e q u i r e d  f o r  t h e  phase detectors of 
t h i s  system. I t  is reasonab le  t o  assume t h a t  i f  t h e  SNR a t  
t h e  inpu t  of a phase detector is g r e a t e r  t han  2Odb, t h e n  v i r -  
t u a l l y  perfect measurement of t h e  channel  f i l t e r ' s  phase  
s h i f t  can be achieved .  I n  t h i s  case s i g n a l - t o - n o i s e  ra t io  
must be i n t e r p r e t e d  as  t h e  r a t i o  of  t h e  power i n  t h e  s i n u s -  
o ida l  p i l o t  t one  to t h e  average n o i s e  power a t  t h e  detector 
i n p u t .  Now t h e  bandwidth of t h e  p r e d e t e c t i o n  f i l t e r i n g  
system requ i r ed  f o r  t h e  p i l o t  t o n e  phase detectors shou ld  be 
set equal  t o  t h e  f ad ing  bandwidth of t h e  medium. T h i s  allows 
the f l u c t u a t i o n s  of t h e  p i l o t  t o n e  t o  p a s s  through t h e  f i l t e r  
b u t  p reven t s  a l l  unnecessary a d d i t i v e  n o i s e  from reach ing  t h e  
detector i n p u t .  S ince  t h e  a d d i t i v e  n o i s e  i s  assumed t o  be 
w h i t e ,  it can be seen  t h a t  t h e  r a t i o  o f  n o i s e  powers a t  t h e  
p i l o t  tone and data channel  detectors i s  j u s t  t h e  r a t i o  of 
t h e  c h a n n e l ' s  f ad ing  bandwidth t o  t h e  s i g n a l i n g  bandwidth of 
t h e  system. Now, if t h e  data channe l  is o p e r a t i n g  at a SNR 
of 20-30db, very  good phase response  measurements can be 
ob ta ined  i f  t h e  phase detector i n p u t  SNR is e q u a l  t o  t h i s .  
Therefore ,  good phase measurements could  be o b t a i n e d  w i t h  
each p i l o t  t one  having  a power of - t i m e s  Bf t h e  data  channe l  
B 
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power, where 
t ropoaca t ter  
Bf i s  t h e  c h a n n e l ' s  fading bandwidth. 
system, t h e  fo l lowing  v a l u e s  might a p p l y  
For a 
Bf = lOHz 
- 1 MHZ 
BC 
d = . 2  
I n  t h i s  case, t h e  r a t i o  of power r e q u i r e d  for  bo th  p i l o t  
t o n e s  t o  data channel  power would be 
Thus even if lOdb more SNR were required for t h e  p i l o t  tone  
phase detectors t h a n  fo r  t h e  data channe l ,  on ly  1% of t h e  
t o t a l  t r a n s m i t t e d  power would be needed f o r  t h e  p i l o t  tones .  
From t h e  above d i s c u s s i o n  i t  is appa ren t  t h a t  for many 
systems of p r a c t i c a l  i n t e r e s t ,  e x c e l l e n t  measurement cf t h e  
channe l  f i l ter ' s  phase response f u n c t i o n  can be o b t a i n e d  by 
u s i n g  on ly  a very  s m a l l  p o r t i o n  of t h e  t o t a l  t r a n s m i t t e d  
power for  p i l o t  tone  sounding of t h e  channel .  Thus, t h e  
b 
a d d i t i v e  n o i s e  i n  t h e  channel  measurement scheme w i l l  have 
n e g l i g i b l e  s i g n i f i c a n c e  on t h e  performance of t h e  adaptive 
system we have s t u d i e d .  
We n e x t  i n v e s t i g a t e  t he  effect of employing a p h y s i c a l l y  
r e a l i z a b l e  f i l t e r  for  t h e  phase e q u a l i z e r  i n  t h e  a d a p t i v e  
receiver. Although there are many possible schemes for  
implementing such  an  e q u a l i z e r ,  w e  w i l l  c o n s i d e r  on ly  one. 
I t  is fe l t ,  however, t h a t  t h i s  scheme is  r e p r e s e n t a t i v e  of 
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t h e  v a r i o u s  pO8Sib i l i t i e6  which ex i s t .  be w i l l  assume t h a t  
a bank of v a r i a b l e  s i n g l e - p o l e  all-pass networks  are t o  be 
used  as t h e  phase  d i s t o r t i o n  e q u a l i z e r .  A s i n g l e - p o l e  (band- 
pass) a l l - p a s s  network i s  specified by t w o  poles and t w o  
zeros i n  i t s  s -p l ane  p l o t .  The two poles are located a t  
s = -a + j u  
t h e  symmetrical n a t u r e  of t h e s e  p o l e - z e r o  p o s i t i o n s ,  t h e  
ampl i tude  r e sponse  f u n c t i o n  of t h e  a l l - p a s s  network is  con- 
s t a n t  f o r  a l l  f r e q u e n c i e s .  Its phase  r e sponse  f u n c t i o n ,  how- 
ever, is g i v e n  by 
and t h e  t w o  z e r o s  a t  s = a - + j u r .  Because of r - 
a 
Thus t h e  enve lope  d e l a y  f u n c t i o n  of N such  networks i n  cas- 
cade is g iven  by 
I t  can be shown t h a t  i f  wr > > a ,  t h e  envelope  d e l a y  of t h e  
one-pole  all-pass f i l t e r  i s  a maximum a t  w = wr and t h a t  t h e  
v a l u e  of the envelope  d e l a y  a t  t h i s  p o i n t  i s  2/a seconds .  
Using t h e  above facts ,  a n  algorithm f o r  compensat ion of  
a c h a n n e l ' s  r e s i d u a l  d e l a y  character is t ics  by N i d e n t i c a l  
cascaded a l l - p a s s  networks may be c o n s t r u c t e d  as follows. 
L e t  oo be t h e  center f requency  of t h e  data channe l  and D be 
t h e  measured r e s i d u a l  de l ay .  Then we a d j u s t  each f i l t e r  so 
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t h a t  i t s  c e n t e r  f requency equals w o  and i t s  d e l a y  a t  w 0  is  
e x a c t l y  -D/N. 
t i o n s  
Thus each f i l t e r  i s  s p e c i f i e d  by t h e  t w o  equa- 
W O  (5-7) 
I n  order t o  de termine  how w e l l  t h e  above f i l t e r i n g  
scheme would compare t o  t h e  i d e a l  a d a p t i v e  f i l t e r i n g  i n v e s t i -  
g a t e d  i n  t h e  p rev ious  s e c t i o n ,  t h e  computer s i m u l a t i o n  pro- 
gram was modif ied t o  s i m u l a t e  t h e  p re sence  of  t h e  p h y s i c a l l y  
r e a l i z a b l e  a l l - p a s s  networks i n  t h e  receiver. The a l g o r i t h m  
of Equat ions  (5-7) and ( 5 - 8 )  was employed i n  t h e  program. 
Tables  1 and 2 give the r e s u l t s  of t h e s e  s i m u l a t i o n s .  I n  
each of these tab les ,  t h e  estimated standard d e v i a t i o n  of 
t h e  error p r o b a b i l i t y  e s t i m a t e s  is  shown i n  p a r e n t h e s e s  n e x t  
to t h e  estimate. T a b l e  1 shows t h e  r e s u l t s  o f  t w o  s imula-  
t i o n s  of the p h y s i c a l l y  realizable systems a long  wi th  t h e  
performance of  t h e  i d e a l  delay c o r r e c t i o n  r e c e i v e r .  The t w o  
p h y s i c a l l y  realizable s y s t e m s  which were s i m u l a t e d  c o n t a i n e d  
one and three s i n g l e - p o l e  a l l - p a s s  ne tworks  r e s p e c t i v e l y .  
A l l  of t h e s e  exper iments  were performed with d = . 4  and used 
t h e  same set  of 1 , 5 0 0  channel  samples.  
I n  this table ,  it can be seen  t h a t  f o r  both t h e  t h r e e -  
network and t h e  one-network e q u a l i z e r s ,  t h e  performance is 
n e a r l y  i d e n t i c a l  t o  t h a t  of t h e  i dea l  e q u a l i z e r .  Indeed,  f o r  
l o w  SNR's t h e  error p r o b a b i l i t y  is s l i g h t l y  lower than  t h a t  
of t h e  ideal system. 
\ I 
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Table 1. Error Probabilities for Physically Realizable and 
Ideal Adaptive Systems - d = . 4 .  
Physically Realizable 
Delay Correction 
Ideal Delay One All-Pass Three All-Pass 
SNR Correction Network Networks 
lOdb .0475(.00205) . 0 4 6 4  ( . 00214) , 0472 (. 00216) 
-
2Odb .00626(.00099) .00593(.00086) , 00618 ( , 00087) 
30db .00210(.00062) , 00202 (, 00055) .00207(,00061) 
40db .00142(.00056) , 00135 ( .00055) , 00141 ( , 00055) 
a ,00117 ( .00055) .00117(.00055) ,00117 ( ,00055) 
S N R  -
lOdb 
20db 
30db 
40db 
Table 2. Error Probabilities for Physically Realizable and 
Ideal Adaptive Systems - d - ,56. 
Physically Realizable 
Ideal Delay Delay Correction - 
Correction One All-Pass Network 
.0717( .0032) , 0689 ( , 0026) 
.0209( ,0023) ,0204 (, 0019) 
.0163(.0024) , 0153 (, 0019) 
, 0156 ( , 0025) , 0148 ( . 0019) 
0153( e0025) , 0148 ( 0020) 
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I n  Table 2 t h e  r e s u l t s  of computer s i m u l a t i o n s  of the 
realizable system w i t h  one a l l - p a s s  f i l t e r  and of t h e  ideal  
d e l a y  c o r r e c t i o n  system a r e  compared for d - 6 . 5 6 .  isqain we 
see t h a t  t h e  performance of t h e  two systems i s  almost i d e n t -  
ical .  Thus w e  see t h a t  it is  possible to  c o n s t r u c t  p h y s i c a l  
networks of r easonab le  s i z e  w h i c h  w i l l  serve q u i t e  w e l l  as  
the  e q u a l i z a t i o n  f i l ters i n  t h e  a d a p t i v e  systems proposed 
above. I n  fac t ,  p r a c t i c a l l y  no d i f f e r e n c e  i n  performance 
from t h e  idea l  performance shown here should  be expec ted .  
5 . 5  Swninary 
I n  t h i s  c h a p t e r  i t  i s  shown t h a t  t h e  expe r imen ta l  
r e s u l t s  of Chapter IV on the  performance of t h e  Gaussian 
f a d i n g  sys tem w i t h  ampl i tude  d i s t o r t i o n  o n l y  can  be i n t e r -  
preted as t h e  performance of an ideal  adaptive system which 
corrects p e r f e c t l y  for  channel-induced phase d i s t o r t i o n .  
The p o t e n t i a l  performance g a i n s  of such  a system provided  
t h e  m o t i v a t i o n  t o  develop  a p i l o t  t o n e  measurement system 
and a n  approximate phase e q u a l i z a t i o n  technique  - e q u a l i -  
z a t i o n  for d e l a y  and l i n e a r  de l ay  d i s t o r t i o n  - t o  improve 
t h e  performance of t h e  nonadapt ive s e l e c t i v e  fading system. 
Performance resu l t s  were t h e n  o b t a i n e d  by computer s imula-  
t i o n  for  t h e  p i l o t  t one  adap t ive  system w i t h  ideal phase 
e q u a l i z a t i o n  f i l ters for  de lay  and de lay  d i s t o r t i o n .  I t  w a s  
shown t h a t  r e d u c t i o n s  i n  e r r o r  r a t e  by factors of f i v e  t o  
twenty cou ld  be o b t a i n e d  w i t h  such a s y s t e m  o p e r a t i n g  
between d = 0.28 and d = 0.56.  F i n a l l y  it was shown t h a t  a 
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physically realizable implementation of such a system can be 
expected to perform at virtually the same levels as the 
idealized pilot tone system. 
1 1 9  
CHAPTER VI: CONCLUDING REMARKS 
6 . 1  Summary and Conclusions 
T h i s  r e p o r t  has been d i r e c t e d  toward a s tudy  of  c e r t a i n  
a d a p t i v e  phase compensation r e c e i v e r  systems for selective 
f a d i n g  channe l s .  The e v a l u a t i o n  of the  error rate perform- 
ance  of  such  systems r e q u i r e d  expe r imen ta l  s i m u l a t i o n  tech- 
n iques .  For t h i s  reason, t h e  research began w i t h  an e x a c t  
a n a l y s i s  of  t h e  error rate p r o p e r t i e s  of nonadapt ive  r e c e i v e r  
sys tems i n  the presence  of selective f a d i n g  channels .  T h i s  
a n a l y s i s  was carried o u t  for t h r e e  d i f f e r e n t  combinat ions of 
channe l  correlat ion f u n c t i o n  and t r a n s m i t t e d  p u l s e  shape. 
The r e s u l t s  of t h i s  a n a l y s i s  showed t h a t  s i g n i f i c a n t  d i f f e r -  
e n c e s  i n  error rate performance can occur  for d i f f e r e n t  p u l s e  
shapes employed on t h e  same fad ing  channe l  w h i l e  l i t t l e  d i f -  
f e r e n c e  i n  performance seems to o c c u r  when t h e  same p u l s e  
shape is  used w i t h  d i f f e r e n t  channels .  
The work of Sunde has  important  connec t ions  w i t h  t h e  
r e s e a r c h  carried o u t  for t h i s  r e p o r t .  F i r s t ,  a basic assump- 
t i o n  of Sunde 's  work - t h a t  t h e  e f f e c t  o f  phase d i s t o r t i o n  i s  
much more impor t an t  i n  Gaussian f a d i n g  channe l s  t h a n  t h a t  of  
ampl i tude  d i s t o r t i o n  - is a basic idea i n  t h e  fo rmula t ion  of 
t h e  a d a p t i v e  sys temlpresented  h e r e i n .  Second, Sunde 's  
approximation t o  t h e  error p r o b a b i l i t y  i n  a selective f a d i n g  
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communication system r e p r e s e n t s  a great computa t iona l  s impl i -  
f ication over t h e  more p r e c i s e  t echn ique  of Bello and Nel in .  
For these reasons ,  a c a r e f u l  f o r m u l a t i o n  of t h e  Sunde error 
rate approximation w a s  carried o u t  f o r  t h i s  research. I t  
was found t h a t  the  Sunde approximat ion  does n o t  provide a 
good estimate of the error p r o b a b i l i t y  when t h e  f requency  
s e l e c t i v e  f a d i n g  is of importance . 
The expe r imen ta l  phase of t h i s  work c o n s i s t e d  of compu- 
ter s i m u l a t i o n  of a communication system o p e r a t i n g  o v e r  a 
frequency selective channel .  The s i m u l a t i o n  system w a s  
des igned  i n  such a way t h a t  e x t e n s i v e  m o d i f i c a t i o n s  of t h e  
channe l  s t r u c t u r e  or  t h e  receiver f i l t e r  system cou ld  be 
implemented. The f irst  expe r imen ta l  r e s u l t s  showed t h a t  such  
a computer s i m u l a t i o n  p rov ides  good agreement w i t h  theoret- 
i c a l l y  predicted error rates for nonadapt ive  systems operat- 
i n g  o v e r  t h e  Gaussian s e l e c t i v e  f a d i n g  channel .  Next exper-  
i m e n t a l  r e s u l t s  were p r e s e n t e d  which show c o n c l u s i v e l y  that 
the Sunde c o n j e c t u r e  concern ing  t h e  importance of phase dis-  
t o r t i o n  effects compared to  ampl i tude  d i s t o r t i o n  effects is 
t r u e .  T h i s  allowed t h e  f o r m u l a t i o n  of a d a p t i v e  r e c e i v e r  
aystems w h i c h  a t tempt  t o  measure the  i n s t a n t a n e o u s  phase  
d e v i a t i o n  p r e s e n t  i n  a f a d i n g  channe l  and t o  compensate for 
it. Two euch systems were fo rmula t ed  - one which compensated 
o n l y  for  de lays  in t roduced  i n  t h e  random channe l  f i l t e r  and 
a n o t h e r  which compensated for  d e l a y s  and l i n e a r  d e l a y  dis tor-  
t i o n  in t roduced  i n  t h e  channel  f i l ter .  The computer s imula-  
t i o n  of these  systems showed t h a t  for relative data rates 
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n e a r  0.3, more t h a n  one order of magnitude improvement i n  
error p r o b a b i l i t y  can be realized; w h i l e  for re la t ive data 
rates n e a r  0 .5 ,  a factor of f i v e  i n  improvement of the  error 
rate can be achieved .  T h e s e  r e s u l t s  a lso showed t h a t  euch 
systems p rov ide  an  i n c r e a s e  of t w o  t o  three times i n  allow- 
able  data rate for  f i x e d  error p r o b a b i l i t y  when t h e  system 
SNR is  reasonably  h igh .  I t  was found t h a t  c o r r e c t i o n  for 
d e l a y  and delay d i s t o r t i o n  offered l i t t l e  more improvement 
t h a n  c o r r e c t i o n  fo r  d e l a y  alone. I t  w a s  a lso shown t h a t  a 
p h y s i c a l l y  r e a l i z a b l e  implementation of t h e  a d a p t i v e  de lay-  
c o r r e c t i o n  sys tem can be expected t o  perform a t  v i r t u a l l y  
the same l e v e l s  as  t h e  idealized p i l o t  t one  system. 
I n  conc lus ion ,  t h i s  r e s e a r c h  has  c o n t r i b u t e d  to  t h e  
g e n e r a l  unders tanding  of t h e  performance of communication 
systems i n  t h e  presence of s e l e c t i v e  f ad ing  channe l s ,  p o i n t e d  
o u t  some errors which have bean inade i n  p rev ious  a n a l y s i s  
a t t empt s  f o r  such  systems,  and has i n d i c a t e d  a practical  
method which i s  capable of r ende r ing  s i g n i f i c a n t  improvement 
to the  i r r e d u c i b l e  error rate performance of some such  
systems . 
6 . 2  Recommendations for F u t u r e  I n v e s t i g a t i o n  
The r e s u l t s  of t h i s  research have sugges t ed  s e v e r a l  
i n v e s t i g a t i o n s  which would be of i n t e r e s t .  The first of 
these i s  an  i n v e s t i g a t i o n  of t h e  des ign  problems which would 
be associated w i t h  t he  implementation of a phase  c o r r e c t i o n  
receiver system for s e l e c t i v e  f a d i n g  channels .  One of the 
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most impor tan t  of  t h e s e  problems conce rns  t h e  implementa t ion  
of  a v a r i a b l e  f i l t e r  system t o  compensate for t h e  phase  dis-  
t o r t i o n .  An i n t e r e s t i n g  a s p e c t  of t h i s  problem is  t h a t  
i n t e g r a t e d  c i r c u i t  technology may p rov ide  a n  e a s i l y -  
implementable method of c o n s t r u c t i n g  such  a phase  c o r r e c t i o n  
system. I t  may be p o s s i b l e  t o  d e s i g n  and economica l ly  mass 
produce a s i n g l e  phase c o r r e c t i o n  c i r c u i t  w i t h  t h e  p r o p e r t y  
t h a t  a number of such c i r c u i t s  c o u l d  be cascaded t o  compen- 
sate for  a g iven  degree  of  phase d i s t o r t i o n .  I n  t h i s  case a 
swi t ch ing  system could  t h e n  be c o n s t r u c t e d  t o  " s w i t c h  i n "  
t h e  proper  number of such c i r c u i t s  i n  order t o  e f f e c t i v e l y  
cancel t h e  measured phase d i s t o r t i o n .  
Another q u e s t i o n  which n a t u r a l a y  arises from t h e  r e s u l t s  
of t h i s  r e s e a r c h  conce rns  t h e  u s e f u l n e s s  of r e p r e s e n t a t i o n  of  
the channel  phase response  f u n c t i o n  i n  terms of  c u b i c  or 
h igher -order  polynomials .  Using t h e  measurement t echn iques  
p r e s e n t e d  i n  t h i s  r e p o r t ,  t h i s  would r e q u i r e  more than  t w o  
p i l o t  tones f o r  the channe l  measurement systems,  b u t  it is  
p o s s i b l e  t h a t  i n  FDM s y s t e m s  it would be n a t u r a l  t o  p l a c e  one 
p i l o t  tone  i n  t h e  guard  band between each data channe l  - t h u s  
e a s i l y  a l lowing  t h e  e x t e n s i o n  t o  h i g h e r  order polynomials  f o r  
r e p r e s e n t a t i o n .  
The r e s u l t s  of Chapter  I1 prov ide  t w o  i n t e r e s t i n g  t o p i c s  
of i n v e s t i g a t i o n .  The f i r s t  o f  t h e s e  arises from t h e  f a c t  
t h a t  a s i g n i f i c a n t  d i f f e r e n c e  w a s  no ted  i n  t h e  i r r e d u c i b l e  
e r r o r  rates for t w o  d i f f e r e n t  s i g n a l  shapes  when used w i t h  
t h e  same fad ing  channe l .  Th i s  i n d i c a t e s  t h a t  t h e  problem of 
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choos ing  an  optimum p u l s e  shape fo r  d i g i t a l  s i g n a l i n g  o v e r  
selective fading c h a n n e l s  may be a f r u i t f u l  one. 
I n  connec t ion  w i t h  t h i s  problem, i t  i s  encouraging  to 
n o t e  t h a t  o u r  r e s u l t s  have i n d i c a t e d  t h a t  the performance of 
a g i v e n  s i g n a l  over d i f f e r e n t  c h a n n e l s  may n o t  v a r y  g r e a t l y .  
Thus t h e r e  i s  some reason  to b e l i e v e  t h a t  a s i g n a l  which is  
op t imum for one channe l  model may y i e l d  v e r y  good performance 
w i t h  o the r  channe l s .  
The second t o p i c  of i n v e s t i g a t i o n  is related to  the 
f a c t  t h a t  t h e  c o n d i t i o n a l  p r o b a b i l i t i e s  ( t h e  Pabcd 's)  w e r e  
found t o  approach unequal  l i m i t s  as t h e  SNR becomes i n f i n i t e .  
Indeed ,  p l i l l  and p o l o l  approach zero w h i l e  t h e  o t h e r  f o u r  
c o n d i t i o n a l  p r o b a b i l i t i e s  approach nonzero l i m i t s .  From 
t h i s ,  it a p p e a r s  t h a t  i f  one  were c o n s t r u c t i n g  a n  encoding 
scheme t o  encode m u l t i l e v e l  d a t a  ( such  a s  t h e  o u t p u t  o f  a 
PCN q u a n t i z e r )  i i i to b i n a r y  data, it would be h i g h l y  desir- 
able  t o  encode t h e  most s i g n i f i c a n t  data d i g i t s  i n  such  a 
way t h a t  t h e y  r e s u l t  i n  t h e  sequences w i t h  t h e  lowest t o t a l  
error p r o b a b i l i t y .  I t  would be of i n t e r e s t  to  de te rmine  t h e  
performance o f  a system us ing  s u c h  a coding scheme and  com- 
pare t h i s  t o  t h e  performance r e s u l t i n g  from t h e  u s e  of t h e  
c o n v e n t i o n a l  methods. 
F i n a l l y ,  i t  is necessa ry  t o  p o i n t  o u t  t h a t  a l l  t h e  
r e s e a r c h  described i n  t h i s  r e p o r t  h a s  been based on t h e  
assumpt ion  of a Gauss ian  f ad ing  channe l  model. T h e r e f o r e  
t h e  u s e f u l n e s s  o f  o u r  r e s u l t s  is probab ly  i n  d i rect  propor- 
t i o n  to t h e  degree t o  which the  Gauss ian  f a d i n g  c h a n n e l  model 
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approximates t h e  e f f e c t s  of p h y s i c a l  channe l s .  I t  is f e l t  
t h a t  a n a l y s i s  work such a8 t h a t  i n  t h i s  r e p o r t  must procede  
hand-in-hand w i t h  channel  c h a r a c t e r i z a t i o n  i n v e s t i g a t i o n s  
designed t o  i n d i c a t e  t h e  u s e f u l n e s s  and weak p o i n t s  of  such  
a n a l y s i s .  
should be i n v e s t i g a t e d  are: 
Among t h e  channel  c h a r a c t e r i z a t i o n  problems which 
1. 
2 .  
3 .  
4 .  
5 .  
Can any of t h e  common s c a t t e r / m u l t i p a t h  
channe l s  be assumed to.  p o s s e s s  Gaussian fad- 
i n g  s ta t is t ics?  
If so, t h e n  wha t  i s  a good f requency  corre- 
l a t i o n  f u n c t i o n  t o  use  i n  ma themat i ca l ly  
r e p r e s e n t i n g  such channels?  
If such channe l s  do n o t  possess Gaussian sta- 
t i s t ics ,  is it s t i l l  p o s s i b l e  t o  p r e d i c t  
system performance ove r  such  channe l s  ( such  
a s  error p r o b a b i l i t i e s )  by approximating t h e  
channel  as Gaussian? 
Is it p o s s i b l e  t h a t  a r e l a t i v e l y  s imple  
channel  model, such as a two-path model, can  
p r e d i c t  t h e  performance of a @elective f a d i n g  
communication s y s t e m  as w e l l  as  or better 
than  a more complicated one? 
F o r  e n g i n e e r i n g  a p p l i c a t i o n s ,  i s  it p o s s i b l e  
to c h a r a c t e r i z e  a fading channe l  by a f e w  
parameters (such as coherence  bandwidth) i n  
o r d e r  t o  roughly predict  a sys t em ' s  performance? 
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It is f e l t  that  there are a large number of such problems in 
channel characterization whose results should have definite 
bearing on the research being done on selective fading com- 
munication systems, and that similarly, the results of such 
analytical investigations will help t o  point out the signif- 
icant areas of channel characterization research. 
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APPENDIX A 
ERROR PROBABILITY CALCULATIONS FOR THE G-F CHANNEL 
AND SQUARE PULSE SIGNALING 
In this appendix we show some of the details of the cal- 
culation of the error probability expression for the G-F chan- 
nel with square pulse signaling. Examination of Equation 
(2-8) shows that this requires that we compute the three 
moments ulv, m, and conditioned on the various given 
modulation sequences S. These moments, when used with 
Equations (2-8), ( 2 - 7 ) ,  ( 2 - 4 1 ,  and ( 2 - 5 )  respectively, yield 
the desired error probability. For computing these three 
desired moments, it is convenient to set up the following 
nota tion : 
abed - given S - (a,b,c,d) 
abcd I.i' given S = (a,b,c,d) 
m l  1 
*o 0 
abed p u*v given S - (a,b,c,d) m l  0 
(A-1) 
Now it can be shown that these three moments can all be 
computed from the following relation (5): 
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m = ~ ( T ) B ~ ~ ~ ~ ( T )  [Babcd(t) l*dr+32EN 6 r 8 0 rs rs -a 
a,b,c ,d , r ,s  = 0 , l  (A-2 1 
where p ( ~ )  is t h e  d e l a y  sp read  c o r r e l a t i o n  f u n c t i o n  d e f i n e d  
by Equat ion ( l - 4 l t  brS is t h e  Kronecker d e l t a ,  and where B is 
g i v e n  by 
.a 
Babcd( , )  - \ x *  ( t  - k T b ) [ s l ( t  + T )  - s o ( t  + r ) l d t  (A-3) k -m abcd 
( t )  i s  t h e  t r a n s m i t t e d  s i g n a l  (see Figure  1) g i v e n  Here Xabcd 
t h a t  S = ( a , b , c , d )  and s o  and s 1  are t h e  p u l s e  s i g n a l s  dis- 
cussed  i n  Sec t ion  1 . 4 .  For the case which w e  are c o n s i d e r i n g ,  
so  and s, are r e a l  and a n t i c o r r e l a t e d ,  so w e  may s i m p l i f y  
(A-1)  t o  
9 
Babcd * ( t-kTb) s ( t + T )  dt k ( ' I  1 -OD 'abcd 
where 
We now recal l  t h a t  t h e  square  p u l s e  w a s  d e f i n e d  i n  
Equat ion  (2-12) by 
, o t h e r w i s e  P 
(A -4 )  
(A-5) 
S u b s t i t u t i n g  (A-5) i n t o  (A-4) t h e  fo l lowing  €3 f u n c t i o n s  are  
ob ta ined :  
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In  Equation ( 2 - 1 0 )  t h e  de lay  spread c o r r e l a t i o n  funct ion  
for t h e  G-F channel i s  g i v e n  by 
We must now e v a l u a t e  t h e  var ious  required moments us ing  
Equation ( A - 2 ) .  T h i s  equation r e q u i r e s  i n t e g r a t i o n  over the  
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infinite interval on 1 .  However, the €3 functions are evaiu- 
ated in ( A - 6 )  only for ( T  I 'Tb, i.e., only adjacent-baud inter- 
symbol interference is accounted for. We therefore will 
approximate the moments by using Equation ( A - 2 )  but inserting 
i n  it the B-function expressions in (A -6 )  instead of exact B 
functions which would be v a l i d  for all I .  This approximation 
is justifiatle if the p l i )  term in the integrand has tails 
w h i c h  are extremely sntall for  i I 1 >T 
be assured if the e-' point on the p ( r )  function is n o t  
T h i s  condition should b' 
allowed to exceed Tb. 
of the area unuer thc p ( ; )  function will lie in the region 
1 ' j 'TL. 
This will insure that a t  least 99.5% 
We therefore require 
1 
TbUc 
d = - = .786 
This inequality gives the condition for which the exact B 
functions can L e  replaced in ( A - 2 )  by B functions which take 
into account only adjacent-bzud intersymbol interference. 
Thus, we can interpret this restriction as indicating the 
range of data rates for which the intersymbol interference is 
essentially entirely causcu by pulse overlap from only adja- 
cent bauds. Using the above approximation, the following 
values are found for the required conditional moments. 
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where 
1111 -
0110 -
0111 -
0101 -
1100 -
0100 
= 1  - 
m o  0 = 32002E2(1-4~ld+4~2d2) + 32 ENo 
0 1 1 0  0 1 1 0  
m11 = "00 
m;i1O = 320, 2 2  E (1 - 4cld) 
rn;iL1 = m o o  1 1 1 1  
0 1 1 1  0 1 1 0  
" 1 1  - moo 
2 2  "1 0 1 1 1  0 = 320, E (1 - 2cld) 
(A-8) 
rn;io1 = 32002E2 (1-8cld+8c2d2) + 32EN, 
"1 1 0101 = mgi" 
m;kol = -32aO2E2(1 - 8cld + 8c2d2) 
1 1 0 0  0 1 1 0  
moo = moo 
1 1 0 0  0 1 1 0  
m11 - "00 
m10 - '"10 1 1 0 0  0 1 1 0  
0 1 0 0  0 1 1 0  
moo = moo 
0 1 0 0  0 1 0 1  
"11  - m o o  
1 / 3 6  and c2 = l/m2 . 
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We can now use t h e  moment expression ot ( A - 8 )  in 
Equation (2-8) to obta in  the  fo l lowing values f o r  t h e  R's. 
Recalling t h a t  r = uL' 2 E / N G ,  we f i n d  
R , , , ;  = 2r 
2r(l - 2c ld )  
- r ( l  - 2 c , d )  1 + 2rE(d) + rqTrdT - - 7------ R c , . ;  I .  
w i t h  
w i t h  
E(d) = 1 - 2 c , d  t 2c ,dL 
t l (d)  = 1 - 4 c , d  t 4c,d' 
= 2 r ( l  - 8c,d + 8c d') ~ i : i  i i i  ( A - 9 )  
- 2 r ( l  - 6 c l d  + 4c2d') 
G o o  - r-- 
# 1  + 2rA(d)  + r 2 B ( d )  - r ( l - 6 c l d  + 4 c 2 d 2 )  
A ( d )  
B(d)  = 1 - 1 2 c , d  + ( 1 2 ~ , +  3 2 c , ' ) d z - 6 4 c l c , U ~ t 3 2 = ~ ~ ~  
= 1 - 6 c , d  + 6c2d7 
It i s  a e s i r a b l e  to simplify the somewhat unwieldy expres- 
sions f o r  R O l l 1  and R;,,,. To deve lop  such a simplification 
we w i l l  make use  of the power series 
w h i c h  w e  w i l l  truncate a f t e r  t h e  f i r s t  three  terms s i n c e  the 
q u a n t i t y  x w i l l  be required to be much less than 1 .  In t h e  
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expres s ion  for R ~ ~ ~ ~ ,  w e  are i n t e r e s t e d  i n  
4 1  + 2rE(d)  + r2H(d)  - J1+2r(l-2cld+2c2d2) + r 2 ( 1 - 4 c l d + 4 c 2 d 2 )  
(A-11)  
where 
g ( r )  - r/( l+r) 
Using (A-10) in (A-11)  and dropping  a l l  terms of o r d e r  d3 and 
h i g h e r ,  w e  o b t a i n  
Thus R, becomes 
2 r ( l  - 2 c l d )  
I 
R o l l l  
(l+r) { l - 2 c l g ( r ) d  + 2d2 [ c 2 g ( r ) - c l  2 2  g (r) 1 l - r ( l - 2 c l d )  
(A-13) 
In the e x p r e s s i o n  f o r  R: o o  8 w e  are i n t e r e s t e d  i n  
4 1  + 2rA(d) + r 2 B ( d )  = 
41+2r (1-6c d+6c,d 1 +r [ 1-lZc d+ ( 1 2 c 2  +32c1 ) d2-64qc2 d3+32c2 d4 1 
(A-14)  
Using techniques  i d e n t i c a l  t o  those above, w e  o b t a i n  
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(A -15 )  
The above approximations have been used i n  the e x p r e s s i o n s  of 
Equation (2-15). 
A l l  t h e  g e n e r a l i z e d  S N R ' s  which have been founa here 
except  for R l i l i  d i f f e r  from those  of Eello and N e l i n .  In 
Figure 2 3 ,  the i r r e d u c i b l e  error p r o b a b i l i t y  computed from 
the e x p r e s s i o n s  of t h i s  appendix and from Bello and N e l i n ' s  
expressions are  compared. As can be s e e n ,  there  is  a ciiscern- 
a b l e  difference between the t w o  results, although they d i f -  
fer by less than an order of magnitude. 
1 3 8  
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Figure 2 3 .  Comparison of Irreduc ib le  Error P r o b a b i l i t y  from 
B e l l o  and N e l i n ' s  Resu l t s  and from Resu l t s  of 
t h i s  Report. 
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APPENDIX B 
ERROR PROBABILITY CALCULATIONS FOR THE 
S-F CHANNEL AND SQUARE PULSE SIGNALING 
I n  t h i s  appendix ,  d e t a i l s  of t h e  error p r o b a b i l i t y  
c a l c u l a t i o n s  f o r  t h e  S-F channel  w i t h  square pulse s i g n a l -  
ing are p r e s e n t e d .  
developments  o f  Appendix A,  and some r e f e r e n c e  t o  equa- 
Much of this work p a r a l l e l s  t h e  
t i o n s  i n  t h a t  appendix w i l l  Le necessa ry .  S i n c e  t h e  work 
of b o t h  Appendix A and t h i s  appendix are concerned w i t h  
s q u a r e  p u l s e  s i g n a l i n g ,  an examinat ion  of Equa t ions  
(A -2 )  and (A-4)  shows t h a t  t h e  B f u n c t i o n s  o f  Appendix A 
w i l l  be i d e n t i c a l  to  t h e  B f u n c t i o n s  r e q u i r e d  for t h i s  
work. Fur thermore ,  we see that i n  e v a l u a t i n g  t h e  condi -  
t i o n a l  moments th rough  the use of (A-21,  t h e  o n l y  change 
r e q u i r e d  from t h e  p r e v i o u s  work i s  to  r e p l a c e  p ( r )  for 
t h e  G-F channel  by p ( r )  f o r  the S-F channel .  From Equa-  
t i o n  (2-111, it c a n  be s e e n  t h a t  t h e  d e l a y  s p r e a d  cor- 
r e l a t i o n  f u n c t i o n  for t h e  S-F channe l  is g i v e n  by 
f R o  
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Using t h i s  e x p r e s s i o n  i n  (A-2)  y i e l d s  
a b c d ( ~ ) ] * d r  + 32ENOdrs BabCd( r )  [Bs 
Tm 
-Tm 
abcd 
rs r = R ,  
m ( B - 2 )  
A t  t h i s  p o i n t  w e  n o t e  t h a t  s i n c e  t h e  B f u n c t i o n s  have been 
g i v e n  i n  ( A - 6 )  o n l y  f o r  v a l u e s  of i less t h a n  Tb i n  a b s o l u t e  
v a l u e ,  t h e  i n t e g r a l  i n  ( B - 2 )  can o n l y  be e v a l u a t e d  if T,<Tb. 
S i n c e  w e  have d e f i n e d  d = - i n  t h i s  case, we see t h a t  we now 
have t h e  r e s t r i c t i o n  
Tm 
Tb 
We n o t e  t h a t  u n l i k e  t h e  s i t u a t i o n  encoun te red  i n  Appendix A, 
no approximation is  r e q u i r e d  t o  e v a l u a t e  ( B - 2 )  a s  long  a s  t h e  
above r e s t r i c t i o n  is m e t .  Thus,  t h i s  r e s t r i c t i o n  can  be con- 
sidered to  d e f i n e  t h e  range  of d f o r  which our adjacent -baud 
in te rsymbol  i n t e r f e r e n c e  a n a l y s i s  w i l l  be v a l i d ,  or equiva-  
l e n t l y  i t  is t h e  range  of d o v e r  wh ich  w e  are a s s u r e d  t h a t  
ad jacent -baud o v e r l a p  is t h e  o n l y  s o u r c e  of in t e r symbol  i n t e r  
f e r e n c e  i n  t h e  system. 
When the  B f u n c t i o n s  of ( A - 6 )  are s u b s t i t u t e d  i n t o  ( B - 2 ) ,  
i t  is found t h a t  t h e  r e s u l t i n g  e x p r e s s i o n s  g r e a t l y  resemble 
t h e  e x p r e s s i o n s  o b t a i n e d  i n  ( A - 8 )  of Appendix A. The resem- 
b l a n c e  comes from the f a c t  t h a t  co r re spond ing  to each power 
of  d i n  t h e  e x p r e s s i o n s  of (A-8) there is a s imi l a r  power of 
d i n  t h e  cor responding  e v a l u a t i o n  of (B-21, o n l y  the c o e f f i -  
c i e n t  of t h e  term being  d i f f e r e n t .  Thus,  ( B - 2 )  cou ld  be 
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evaluated by making the following substitutions in the expres- 
s i o n s  of (A -8 ) .  
ROT, ___., 
2 
* O  
d/nJi - d/4 
* d2/6 d2/n2 -
The conditional moments are thus found to be 
1 1 : i  - 1111 m o o  = 32E(RoETm + N o )  
i i i c  1 1 1 1  
m1 i = moo 
m! 0 
1 1 1 1  - 32RoTmE‘ 
0110 moi; U l l O  = 32R,TmE2 ( 1-4cjd+4c,dz) + 32ENo -
0 1 1 0  0 1  1 i 
m l :  f InG0 
m G i 1 0  - 1 0  - 32R0TmE’(1 - 4c3d) 
01!1 1 1 1 1  0111 m o o  = m o o  -
0 1  1 1  0 1 1 0  
m11 = m o o  
m 1 0  = 32R,TmE’ (1 - Zc,d) 
O i O l  (B-3) - 0101 m o o  = 32R,TmE2 (1-8~,d+8c,d*)+32EN~ 
0 1 0 1  0 . 0 1  
mil = m b u  
= -32R,TmE2(l - 8c3d + 8c,,d2) O A O l  m 1 0  
14 2 
1 1 0 0  I C ! i G  
1100 m,, - milo  
= m , o  m l  1 
0 1 1 0  i i o o  
: 1 0 G  = -32R T L (1 - 6c ,d  + 4 c , d 2 )  
m i  ci o m  
where 
c ,  = 1/4 
c, = 1 / 6  
Ne can now use the above moment expressions in Equat ion  
( 2 - 8 )  t o  o b t a i n  t h e  fo l lowing  v a l u e s  for t h e  K's. Because of 
t h e  great s i m i l a r i t y  i n  t h e  basic  form of t h e  e x p r e s s i o n s  for 
t h e  rn's i n  (A-8 )  and ( 8 - 3 1 ,  w e  also f i n d  a s i m i l a r i t y  i n  t h e  
forms for  t h e  R's of Equat ion  ( A - 9 )  and for t h e  p r e s e n t  case. 
Reca l l i nq  t h a t  r is now g i v e n  by R c , T m E / N L ,  w e  f i n d  
% l l  = 2r 
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with 
ti(d) = 1 - 4c,d t 4c4d' 
= 2r(l - 8c3d + 8c,d2) R ; ,  3 :  
R' z 2r(l - 6c3d + 4c4di) 
2 i  0 0  ?--- f'1 + 2rA(d) + r4f3(d) - r(l-6c3d+4c,d') 
with 
A(d) = 1 - 6c,d + 6c,d' 
B(d) = 1 - 1 2 c 3 d + ( 1 2 ~ , + 3 2 c 3 ' ) d 2 - 6 4 ~ 3 c b d 3  + 32c,'db 
(€3-4) 
As was the case in Appendix A ,  it is possible to simplify 
the expressions for R b L l i  and R o i o G .  Since we are dealing 
with expressions which are i d e n t i c a l  in form to those of 
Appendix A,  we can write the approximations for R C L l ,  and 
R 3) ! f \\ d i r e c t l y  a s  
I 
2r(l - 6c,d + 4c4d') 
% R Q G O  (l+r) i 1-6c3g ( r )  d+Zd' ! 3c,g  (r) -c,  1 g' ( r )  I l-r( 1-6c ,d+4c,d2) 
1 4 4  
These  approximations have been used in the expressions of 
Equation (2-19). 
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APPENDIX C 
ERROR PROBABILITY CALCULATIONS FOR THE 
S-F CHANNEL AND RAISED COSINE SIGNALING 
I n  t h i s a p p e n d i x ,  d e t a i l s  of the error p r o b a b i l i t y  ca l cu -  
l a t i o n s  for t h e  S-F channe l  w i th  raised c o s i n e  s i g n a l i n g  are 
p r e s e n t e d .  The g e n e r a l  method for c a r r y i n g  o u t  t h e s e  ca l cu -  
l a t i o n s  i s  t h e  same as t h a t  used i n  Appendix A, b u t  t h e  u s e  
of t h e  raised c o s i n e  s i g n a l  causes  s i g n i f i c a n t  changes i n  t h e  
way t h e  computat ion must be c a r r i e d  o u t .  
As was t h e  case i n  Appendix A, we f i r s t  n o t e  t h a t  
- 
Equat ion  (2 -8 )  ca l l s  for us to compute t h e  three moments u*v, 
I u i 2 ,  and Iv12 c o n d i t i o n e d  on t h e  v a r i o u s  possible t r a n s m i t t e d  
-- -- 
sequences .  Using t h e  d e f i n i t i o n s  of Equat ion  ( A - 1 1 ,  w e  f i n d  
t h a t  t h e  c o n d i t i o n a l  moments can  be e v a l u a t e d  by e v a l u a t i n g  
Equa t ions  ( A - 2 )  and ( A - 3 ) .  The B f u n c t i o n s  of (A -3 )  c a n  be 
de te rmined  by c o n s i d e r i n g  the  raised c o s i n e  s i g n a l  as g iven  
i n  Equat ion  (2-14) 
s ( t )  = [ s i n c  (2Bt- 5) 1 + s i n c  ( 2 B t - 2 )  3 1 (C-1)  
Now t h e  B f u n c t i o n s  of (A -4 )  are g i v e n  by 
B ~ ~ ~ ~ ( , )  = 21- X* ( t - k T b ) S ( t  + 1 ) d t  k -OD abcd (C-2)  
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where xabcd (t) i s  the transmit ted  signal g iven  S = ( a , b , c , d ) .  
We can write xabcd (t) i n  terms of s ( t )  as  follows 
a , b , c , d  = 0 , l  
where 
si = 2a - 1 
s., = 2L - 1 ’ ( C - 4 )  
sj = 2c - 1 
s, = 2d - 1 
Thus the  B funct ions  can be w r i t t e n  
W 4 
s * ( t  + ( 3  - i - k ) T b ] s ( t  + T)dt abcd = 2 1 si J 
Bk i=l  -0c 
where 
Subs t i tu t ing  (C-1) into (C-6) and us ing  the fact that  
1 4 7  
w e  find 
The B functions can now be used to compute the conditional 
moments with t h e  aid of Equation (A-2) 
abcd 
S ( T )  ]*dr+32ENo6 rs 
. w  
m abed = j p(l)~abcd(K) [B 
rs - m  r 
a,b,c,d,r,s = 0,l ( C - 8 )  
Substituting t h e  p ( i )  function for the S-F channel [see 
Equation ( B - 1 )  1 ,  and the B-function expression of (C-51, we 
obtain 
A 
f abcd abcd 
( I )  l*dr+ 32EN,6 
rs 
m = Ro j L3 ( T )  [Bs abcd rs -T ' m 
4 4  
= 4% 1 1 s isk Tm I ( 3- i- r , K ) I ( 3- k-s , I  1 dr + 3ZEN06,s 
1-1 k = l  -Tm 
4 4  
= 4R, 1 1 siskJ(3-i-r,3-k-s,T,) + 32 ENodrs 
i=l k = l  
where 
tc-10) 
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The problem of evaluating the required conditional moments 
now becomes one of evaluating the J functions. To do this, 
we first reduce J to a sum of finite convolutions of sinc 
functions. These convolution integrals are then evaluated 
in terms of known functions. When (C -6 )  is substituted into 
(C-lo), the J function becomes 
where 
The evaluation of the integral K will be discussed at the end 
of this appendix. We now point out that the conditional 
moments can be written in terms of K by combining (C-11) w i t h  
(C-9). We obtain 
K[j-2(3-i-r) ,n-2(3-k-s) ,ZBT,] + 32EN06rs 
((2-13) 
1 4 9  
Now we know t h a t  t h e  error p r o b a b i l i t y  i s  dependent  o n l y  on 
t h e  parameters r and d.  Thus, i n  order to compute t h e  error 
p r o b a b i l i t y ,  r e l a t i o n s h i p s  must be found which re la te  t h e  
c o n s t a n t s  i n  (C-13) t o  r and d. To do t h i s  i t  is  n e c e s s a r y  
t o  n o t e  from Equat ion  (2 -8 )  t h a t  i f  a l l  three moments for  a 
g i v e n  sequence abcd are m u l t i p l i e d  by t h e  same c o n s t a n t ,  t h e n  
t h e  v a l u e  of Rabcd i s  n o t  changed. 
t i o n a l  p r o b a b i l i t y  is n o t  changed. Making use  o f  t h i s  f a c t ,  
we m u l t i p l y  mabcd i n  (C-13)  above by ( E N o ) - '  t o  obtain 
Thus t h e  r e s u l t i n g  condi -  
rs 
- K [ j - 2 ( 3 - i - r ) ,  n-2(3-k-s) ,  2BTm]+ 326,, (C-14)  
Now w e  see that two constants are  r e q u i r e d  t o  e v a l u a t e  t h i s  
and BT, R e c a l l i n g  t h a t  r and  d have been RG E e x p r e s s i o n  - -
d e f i n e d  as 
c 
we see t h a t  t h e  c o n s t a n t s  r e q u i r e d  t o  e v a l u a t e  ( C - 1 4 )  are 
g i v e n  by 
(C-15) 
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Thus, g iven  r and d ,  (C-15) and ((2-14) can be used to deter- 
mine the c o n d i t i o n a l  moments to be used i n  (2 -8 )  which then 
deterniines the error p r o b a b i l i t y .  
To e v a l u a t e  the i n t e g r a l  K we must cons ider  t w o  cases, 
p = q and p + q .  he c o n s i d e r  the  case where p # q f i r s t .  I f  
p # q ,  we can write 
s i n  n ( x  + p)  s i n  n ( x  + q dx 
H(x + p) n ( x  + q )  
dx + s i n  n(x + p) s i n  n ( x  + q 
(x  + p) 
L 
(C-16) 
N o w  
1 = cos ~ ( p  - q ) I C i n [ 2 n ( p  + MI] - Cin[Zn(p - M)] 
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where S i ( x )  and Cin(x)are defined by (29) 
(C-18) 
Similarly, we can show that 
) d x  s i n  n(x t p) sin n(x  + q rM (x + q) 1 ' -M 
Using (C-17) and (C-19) in (C-161, we obtain 
I f  p = q, K(p,q,M) can be evaluated.as follows: 
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The condi t iona l  moments m o o ,  mil, and m l o  can now be computed 
by using Equations (C-20) and ((2-21) i n  Equation ( C - 1 4 ) .  The 
graphical  r e s u l t s  shown i n  Figure 7 through 1 0  of Chapter I1 
were a l l  obta ined by us ing  a d i g i t a l  computer to e v a l u a t e  
t h e s e  equat ions .  
APPENDIX D 
COMPUTER SIMULATION PROGRAMS 
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APPENDIX D 
COMPUTER SIMULATION PROGRAMS 
T h i s  appendix is devoted t o  a p r e s e n t a t i o n  of some of 
t h e  d e t a i l s  of t h e  d i g i t a l  computer s i m u l a t i o n  programs 
which were used f o r  t h i s  r e sea rch .  For a l l  t h e  computer 
expe r imen t s  r e p o r t e d  h e r e i n ,  t h e  abjective w a s  t o  e v a l u a t e  
the error p r o b a b i l i t i e s  f o r  a s p e c i f i e d  communication s y s t e m  
and channel  model. With one excep t ion ,  i t  was necessa ry  t o  
compute an  average  error p r o b a b i l i t y  f o r  a system employing 
a random channel .  
i t i e s  of this type  was a Monte Carlo t echn ique  and can be 
clivided i n t o  three major s t e p s :  
The method used to  compute error p robab i l -  
1. Generate  a sample from an  a p p r o p r i a t e l y  
d e f i n e d  ensemble of  random channe l s .  
2. Compute t h e  s y s t e m  e r r o r  p r o b a b i l i t y  con- 
d i t i o n e d  upon t h e  gene ra t ed  channel  sample. 
3. Compute t h e  average  error p r o b a b i l i t y  for  
this e n t i r e  ensemble o f  channe l s  gene ra t ed .  
A g e n e r a l  block diagram of t h e  computer program is shown i n  
F i g u r e  2 4 .  As i n d i c a t e d  i n  t h i s  f i g u r e ,  t h e  program w a s  
des igned  to compute error p r o b a b i l i t i e s  f o r  several S N R ' s  
d u r i n g  t h e  c o u r s e  of an  experiment.  
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The g e n e r a t i o n  of t h e  channe l  impulse r e s p o n s e s  i s  
accomplished by l i n e a r  f i l t e r i n g  of a set of u n c o r r e l a t e d  
pseudo-random Gaussian var ia tes .  Details of t h e  f i l t e r i n g  
scheme and s p e c i f i c a t i o n  o f  t h e  we igh t ing  f a c t o r s  are g i v e n  
elsewhere (30). S i n c e  t h e  expe r imen t s  performed w i t h  t h i s  
s y s t e m  employed f requency  domain t e c h n i q u e s ,  t h e  channe l  
impulse r e sponse  is conver t ed  i n t o  i t s  (discrete) F o u r i e r  
t ransform.  Thus t h e  t r a n s m i s s i o n  of a g i v e n  s i g n a l  th rough 
t h e  channel  f i l t e r  and t h e  r e c e i v e r  matched f i l t e r  can  be  
r e p r e s e n t e d  by m u l t i p l y i n g  t h e  channe l  t r a n s f e r  f u n c t i o n  H ( f )  
by t h e  squared modulus of  t h e  s i g n a l  spectrum, I S ( f )  1 2 .  
A l s o ,  any  o t h e r  desired o p e r a t i o n  such  as a d a p t i v e l y  con- 
t r o l l e d  r e c e i v e r  f i l t e r i n g  or channe l  t r a n s f e r  f u n c t i o n  modi- 
f i c a t i o n  is performed at t h i s  p o i n t .  Next t h e  r e s u l t i n g  com- 
p o s i t e  t ransform i s  i n v e r s e  t r ans fo rmed  to  form time samples  
of t h e  ent i re  l i n e a r  s y s t e m ' s  r e sponse  to  a s i g n a l  p u l s e .  
T h i s  r e sponse ,  which w e  w i l l  d e n o t e  as  u G  ( t)  is  s o m e t i m e s  
cal led t h e  p u l s e  t r a n s f e r  c h a r a c t e r i s t i c  of t h e  communica- 
t i o n  system. When o n l y  ad jacent -baud in t e r symbol  i n t e r f e r -  
ence  i s  being c o n s i d e r e d ,  t h e n  o n l y  u o  (-Tb) , uo(0) , and uo (Tb) 
are  computed.' Next ,  f o r  a g i v e n  modula t ion  sequence' S = 
( a ,b , c ,d ) ,  t h e  v a l u e s  of u(Tb) and v(Tb) are computed (see 
F i g u r e  3 ) .  These are g i v e n  by 
'For s i m p l i c i t y ,  w e  will assume t h a t  t h e  p u l s e  t r a n s -  
m i s s i o n  c h a r a c t e r i s t i c  i s  c e n t e r e d  a b o u t  t = 0. 
*As i n  t h e  a n a l y s i s  of Chapter  11, w e  w i l l  compute t h e  
error p r o b a b i l i t y  for t h e  d e c i s i o n  made a t  t = Tb. 
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where 
sI = 2a - 1 
s2 = 2b - 1 
s3 = 2c - 1 
s,, = 2d - 1 
Once 6 and are s p e c i f i e d  a long  w i t h  t h e  SNR, t h e  error 
p r o b a b i l i t y  c o n d i t i o n e d  on  t h e  g i v e n  modula t ion  sequence and 
t h e  given channe l  can t h e n  be computed as ( 8 )  
where 
(ii + G I 2 =  
4KcE 
B =  
f o r  t h e  G-F channe l  
f o r  t h e  S-E' channe l  KC= 
and where Q ( x , y )  is the Marcum Q f u n c t i o n .  T h i s  error proba- 
b i l i t y  expres s ion  can  be more e a s i l y  e v a l u a t e d  w i t h  t h e  u s e  
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of a digital computer when it is rewritten in an eq-riivalent 
form (3118 
where the plus sign applies if B - > A and the minus sign 
applies otherwise. The V function, which arises in studies 
of damage probabilities associated with ballistic weapons, is 
clef ined by 
This function is sometimes called the generalized circular 
error function or the elliptic normal probability function 
(32). An efficient digital computer scheme has been devel- 
oped for evaluating this function ( 3 3 ) .  This scheme was 
used as a subprogram of the simulation program to evaluate 
Equation (D-3). 
Equation (D-3) allows the computation of the conditional 
error probability given the channel impulse response 'and the 
specific modulation sequence S. It is therefore necessary to 
compute the average probability of error for all possible 
modulation sequences. This is done by evaluating Equation 
( D - 3 )  for  each possible modulation sequence. If one adjacent 
baud of intersymbol interference is being considered, this 
means that 2 4  = 16 different modulation sequences must be 
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accounted for. If intersymbol interference from two bauds 
distant from the detection interval is to be considered, 
then 2 6  = 6 4  different sequences must be considered. How- 
ever, as indicated in Equation (2-31, certain simplifications 
are possible which reduce the number of evaluations to six 
and twenty for the one and two-baud cases respectively. 
Once the error probability averaged over the additive 
noise and overall possible modulation sequences is computed 
for a. specified channel impulse response, a new pseudo- 
random impulse response is generated. The error probability 
is then computed for the new impulse response and the process 
is repeated for a prespecified number of times. Then the 
average error probability is computed for all the channels 
generated. This is done by simply computing the sample mean 
of the various conditional error probabilities. 
as the estimate for the complete system error probability and 
Pn for the individual channel-conditioned error probabilities, 
we have 
Writing fe 
where N is the tota l  number of channel samples generated. A t  
the same time the sample variance of the set of conditional 
probabilities was computed. This is simply 
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T h i s  number i s  t h e n  used t o  compute t h e  estimated s t a n d a r d  
d e v i a t i o n  of t h e  error p r o b a b i l i t y  estimate. T h i s  is  g i v e n  
by 
b 
T h i s  estimate is  used as a basis f o r  judging  t h e  accu racy  o f  
t h e  error p r o b a b i l i t y  estimate and  consequen t ly  t o  judge  t h e  
r e q u i r e d  number of channe l  samples which must  be g e n e r a t e d  
i n  order t o  obtain adequate  expe r imen ta l  r e s u l t s .  
W e  conc lude  t h i s  appendix by b r i e f l y  d e s c r i b i n g  t h e  
m o d i f i c a t i o n s  of t h e  basic s i m u l a t i o n  program j u s t  described 
which were made t o  o b t a i n  the v a r i o u s  expe r imen ta l  r e s u l t s  
g i v e n  i n  t h i s  r e p o r t .  The most e x t e n s i v e  m o d i f i c a t i o n  
r e q u i r e d  w a s  for t h e  expe r imen ta l  r e s u l t s  of F i g u r e s  11, 1 2 ,  
and 13 i n  Chap te r  111. These f i g u r e s  i n d i c a t e  t h e  error 
p r o b a b i l i t y  f o r  a DPSK system whose t r a n s m i s s i o n  channe l  con- 
sists solely of a t i m e - i n v a r i a n t  l i n e a r  d e l a y  d i s t o r t i o n  f i l -  
ter .  S i n c e  t h i s  case was concerned w i t h  a non-random t i m e  
i n v a r i a n t  f i l t e r ,  t h e  e n t i r e  Monte-Carlo f e a t u r e  o f  the simu- 
l a t i o n  program w a s  unnecessary.  That is, it was s imply  
n e c e s s a r y  t o  g e n e r a t e  one channel  w i t h  t h e  p r o p e r  t r a n s f e r  
f u n c t i o n  and compute t h e  error p r o b a b i l i t y  averaged o v e r  t h e  
a d d i t i v e  w h i t e  n o i s e  and the  p o s s i b l e  modula t ion  sequences .  
Thus, for  a g i v e n  L ,  t h e  channel  t r a n s f e r  f u n c t i o n  w a s  
d e f i n e d  t o  be 
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From t h i s ,  t h e  co r re spond ing  v a l u e s  o f  uo ( - T b ) ,  uo ( 0 )  , and 
u a ( T b )  were computed. 
in te rsymbol  i n t e r f e r e n c e  were t o  be computed, Equa t ions  ( D - 1 )  
and (D-3) were e v a l u a t e d  t h e  r e q u i r e d  twenty t i m e s  and t h e  
r e s u l t i n g  ave rage  error p r o b a b i l i t y  recorded .  
Then, s i n c e  t w o  a d j a c e n t  bauds of  
I n  Chap te r  IV t h e  r e s u l t s  of three expe r imen t s  are  
recorded. The f i r s t  of these is  a s i m u l a t i o n  of t h e  non- 
a d a p t i v e  communication s y s t e m  which was ana lyzed  i n  Chap te r  
11. Th i s  s y s t e m  i s  s i m u l a t e d  by t h e  program w i t h  no modi f i -  
c a t i o n s .  T h a t  is, a f t e r  t h e  pseudo-random channe l  t r a n s f e r  
f u n c t i o n  is g e n e r a t e d ,  i t  is immediately m u l t i p l i e d  by t h e  
composite s ignal-matched f i l t e r  spectrum ! S ( f )  1 and i n v e r s e  
t ransformed.  The Monte Carlo procedure  is used w i t h  a number 
of  random c h a n n e l s  s u f f i c i e n t  t o  make t h e  estimated s t a n d a r d  
d e v i a t i o n  of t h e  estimate r e a s o n a b l y  s m a l l .  
? 
The second exper iment  described i n  Chapter  IV i s  t h e  
s i m u l a t i o n  o f  a f l a t  Rayleigh f a d i n g  communication system. 
For  t h i s  exper iment  t h e  basic  s i m u l a t i o n  program w a s  used ,  
b u t  t h e  pseudo-random channe l  t r a n s f e r  f u n c t i o n s  were m o d i -  
f i e d  b e f o r e  be ing  m u l t i p l i e d  by I S ( f )  1 . The m o d i f i c a t i o n  
c o n s i s t e d  of r e p l a c i n g  t h e  frequency-dependent  t r a n s f e r  func- 
tion by its v a l u e  a t  t h e  c e n t e r  f requency ,  thu. ,  making it a 
c o n s t a n t  across t h e  baud. W r i t i n g  H ( f )  f o r  t h e  g e n e r a t e d  
t r a n s f e r  f u n c t i o n  and H , ( f )  for t h e  t r a n s f e r  f u n c t i o n  a f t e r  
m o d i f i c a t i o n ,  we can e x p r e s s  t h i s  as 
2 
16 1 
The t h i r d  exper iment  desc r ibed  in Chapter IV ccrfisiste 
of determining  t h e  error p r o b a b i l i t y  f o r  t h e  non-adapt ive 
system d i s c u s s e d  i n  Chapter  I1 when it i s  s u b j e c t  s e p a r a t e l y  
t o  t h e  phase and ampl i tude  d i s t o r t i o n  e f f e c t s  of a Gaussian 
random channel .  For  t h i s  experiment  t h e  b a s i c  s i m u l a t i o n  
program was a g a i n  used,  b u t  t h e  pseudo-random channel  t r a n s -  
f e r  f u n c t i o n s  were modif ied i n  t h e  fo l lowing  manner b e f o r e  
be ing  m u l t i p l i e d  by I S  ( f  1 I ’ : 
f o r  t h e  pure  ampl i tude  s e l e c t i v e  f ad ing  c a s e ,  and 
f o r  t h e  pu re  phase d i s t o r t i o n  f ad ing  case. 
I n  Chapter  V, exper imenta l  r e s u l t s  f o r  t w o  a d a p t i v e  
r e c e i v e r  systems o p e r a t i n g  wi th  t h e  Gaussian f requency  selec- 
t i v e  f ad ing  channe l  were i n v e s t i g a t e d .  These  systems con- 
sist of a channel  measurement s y s t e m  a long  w i t h  an a d a p t i v e l y  
c o n t r o l l e d  l i n e a r  f i l t e r  placed between t h e  channel  o u t p u t  
and t h e  matched f i l t e r  i n p u t .  S ince  t h e  t r a n s m i s s i o n  system 
from s i g n a l  g e n e r a t o r  t o  receiver matched f i l t e r  i s  e n t i r e l y  
l i n e a r ,  t h e  method of implementing t h i s  exper iment  is basi- 
c a l l y  t h e  same as f o r  t h e  second experiment  of Chapter  IV 
d e s c r i b e d  above. S p e c i f i c a l l y ,  a s  soon as t h e  pseudo-random 
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channel  t r a n s f e r  f u n c t i o n  is  g e n e r a t e d ,  t h e  required measure- 
ment i s  maue. Then t h r e e  t r a n s f e r  f u n c t i o n s  w e r e  m u l t i p l i e d  
t o g e t h e r  - t h e  channe l  t r a n s f e r  f u n c t i o n  H ( f )  , t h e  s i g n a l -  
matched f i l t e r  spectrum \ S ( f )  I , and t h e  e q u a l i z a t i o n  f i l t e r  
t r a n s f e r  f u n c t i o n  H c ( f ) .  
program w a s  unchanged. 
€ i c ( f )  was se t  e q u a l  t o  t h e  q u a d r a t i c  f u n c t i o n  of f which would 
e x a c t l y  compensate for t h e  measured phase  c h a r a c t e r i s t i c .  
For t h e  physically rea l izable  s y s t e m ,  Hc(f) was set e q u a l  t o  
t h e  a l l - p a s s  phase f u n c t i o n  g i v e n  i n  Equat ion  (5-S), where 
(5-7) and (5-8) were used t o  de t e rmine  uf and a. 
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